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CHAPTER 1
INTRODUCTION

In this study, newly developed methods to overcome curse of dimensionality and
insufficient data problems in reliability-based design optimization (RBDO) are presented.
To control the curse of dimensionality, a new variable screening method for RBDO is
developed. In the variable screening method, output (a performance measure) variance is
selected as the measure to identify important variables for RBDO. It is then found that
partial output variance, which is calculated using a one-dimensional surrogate model, can
approximate the output variance efficiently based on the univariate dimension reduction
method (DRM). Large partial output variance indicates that the corresponding variable
significantly affects variance of output. To choose important variables effectively,
hypothesis testing is used to determine which variable has large partial output variance.
Lastly, it is found that even quadratic interpolation is accurate enough for the one-
dimensional surrogate model in the developed variable screening method.

To alleviate problems caused by lack of input data in RBDO, a confidence-based
method for RBDO is developed. In confidence-based RBDO (C-RBDO), the reliability
output (probability of failure) follows a certain distribution. To obtain the confidence
level of the reliability output, the probability of the reliability output is broken down into
the probability of input distribution parameters and the probability of input distribution
types. Then, each probability is obtained using the Bayesian method and the data. The
probability of the reliability output at a target reliability output is the confidence level of
the target reliability output, and this is the probabilistic constraint of C-RBDO.
Confidence-based RBDO is formulated to secure a target confidence level at the target
reliability output at an optimum design, so that the optimum provides a conservative
design even with limited data. Moreover, the design sensitivity of the confidence level is

derived for an efficient and effective optimization process.
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In Section 1.1, the background and motivation of this study is presented. Section
1.2 provides the objective of the proposed research, and Section 1.3 describes the

organization of this thesis.

1.1 Background and Motivation

1.1.1 Reliability-Based Design Optimization

In the systems that engineers deal with, there are many sources of uncertainty.
Material properties such as elastic modulus and Poisson’s ratio, ocean waves, wind
velocity, ground surface, electric current, climate, sunlight, and even human and machine
error show an uncertain nature. Moreover, a group of these input uncertainties
propagates through a performance measure to an output uncertainty. Therefore, an
engineer who designs such a system should take the output uncertainty into
consideration. If not, the designed system may not satisfy the required properties such as
speed, fatigue life, strength, safety, noise, etc. Hence, reliability analysis methods, which
can identify output uncertainty, and reliability-based design optimization (RBDO), which
can find an optimum design considering output uncertainty, have been developed and
used recently for many engineering applications.

Reliability analysis methods can be categorized into two groups: (1) sensitivity-
based methods and (2) sampling-based methods. The sensitivity-based reliability
analysis method requires the sensitivity (gradient) of performance measures to find the
most probable point (MPP). The first-order reliability method (FORM) (Haldar and
Mahadevan, 2000; Hasofer and Lind, 1974; Tu et al., 1999; Tu et al., 2001), the second-
order reliability method (SORM) (Hohenbichler and Rackwitz, 1988; Breitung, 1984),
and the dimension reduction method (DRM) (Rahman and Wei, 2006; Lee et al., 2010a)
are representative sensitivity-based reliability analysis methods. Sensitivity-based
methods first approximate a performance measure in independent standard normal space

(U-space) and find the closest point on the limit state function (performance measure
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equals zero) from the origin in U-space. Then the closest point is the MPP, and the
distance between the MPP and the origin represents the probability of failure. Then,
FORM and SORM can approximate a performance measure at the MPP using first- and
second-order Taylor series expansion, respectively, and DRM approximates a multi-
dimensional performance function with a sum of lower-dimensional functions to
calculate the probability of failure.

Reliability-based design optimization can be performed using sensitivity-based
reliability analysis. Sensitivity-based reliability analysis can be categorized into (1) the
reliability index approach (RI1A) and (2) the performance measure approach (PMA). The
RIA and PMA use different meanings of the MPP. The MPP in the RIA is one in the
above-mentioned sensitivity-based reliability analysis; it represents the probability of
failure at the current design. By contrast, the MPP in the PMA represents the target
probability of failure (Tu et al., 1999). The PMA shows a more stable and robust nature
because it searches for the MPP in a smaller area than the RIA. Both sensitivity-based
RBDO methods require the additional information of the design sensitivity of a
probabilistic constraint at the MPP. The design sensitivity for the RIA has been
developed for FORM-based RBDO (Haldar and Mahadevan, 2000; Tu et al., 1999;
Ditlevsen and Madsen, 1996; Hou, 2004; Gumbert et al., 2003; Hohenbichler and
Rackwitz, 1988) and for the DRM-based RBDO (Rahman and Wei, 2008). The design
sensitivity for the PMA has also been developed for FORM- and DRM-based RBDO
(Gumbert et al., 2003; Hou, 2004; Lee et al., 2010b). All the methods for the design
sensitivity of probabilistic constraints require the sensitivity (gradient) of the
corresponding performance measure. However, the sensitivity of the performance
measure is not always available, especially when the performance measure is
complicated, highly nonlinear, and an implicit function.

In spite of great advances in sensitivity-based methods, they are not suitable for

highly nonlinear problems. The MPP does not represent the correct (target) probability
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of failure in highly nonlinear problems. On the other hand, sampling-based reliability
analysis and RBDO methods do not face such troubles because they calculate the
probability of failure using Monte Carlo simulation (MCS). Monte Carlo simulation is
known to be independent of nonlinearity and dimensionality. For the sampling-based
method, the design sensitivity of probabilistic constraints has been developed for RBDO
(Lee etal., 2011a; Lee et al., 2011b). Moreover, the sensitivity method does not require
the sensitivity of a performance measure, so the sampling-based methods have more
merit for complicated and nonlinear problems. The crucial demerit of the sampling-
based method is its inefficiency. Monte Carlo simulation may require thousands of
analyses of a performance measure, and it is almost impossible to provide so many
analyses for a complicated problem. The surrogate model methods can alleviate the limit
as they approximate performance measures with a small number of analyses. However,
creating the surrogate model itself becomes challenging for high-dimensional problems.
This will be discussed in detail in Section 1.1.2.

All of the aforementioned methods require an accurate input probabilistic model
to assure the target reliability output (probability of failure) at the RBDO optimum
design. The inaccuracy of the input probabilistic model has a significant impact on the
confidence of the RBDO design. Due to cost and time, often insufficient data are
provided for creation of an input probabilistic model in practical engineering problems.
The limited data induces uncertainty in the input probabilistic model, and this uncertainty
propagates to the reliability output. Therefore, the optimum design obtained using the
aforementioned RBDO methods may not be reliable due to the lack of data. Hence, an
appropriate conservativeness should be incorporated in the optimum design when only

limited data are provided. This will be discussed in Section 1.1.3.
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1.1.2 Variable Screening Method for RBDO

A design optimization problem is formulated using a set of design variables that
describes the design system (Arora, 2004). The number of independent design variables
is called the dimensionality of the optimization problem. To obtain an accurate optimum
design, the system should be defined with correctly identified design variables. For this
reason, a certain number of design variables will be required in the optimization process.
On the other hand, in RBDO, the number, dimensionality, becomes crucial because
RBDO requires a large number of analyses for reliability analyses and the design
sensitivities of probabilistic constraints compared to deterministic design optimization
(DDO).

As explained in Section 1.1.1, surrogate models have been used to reduce the
number of analyses in RBDO. For decades, several surrogate model methods have been
developed, such as the radial basis function (RBF), polynomial response surface (PRS),
support vector regression (SVR), Kriging, and dynamic Kriging methods (Cressie, 1991;
Barton, 1994; Jin et al., 2001; Simpson et al., 2001; Queipo et al., 2005; Wang and Shan,
2007; Forrester et al., 2008; Forrester and Keane, 2009; Zhao et al., 2011). Still, the
number of design variables is a critical factor even for the surrogate models because
generating them is a challenging task for high-dimensional problems, due to the curse of
dimensionality. Therefore, variable screening is needed to create effective surrogate
models of RBDO.

Several variable screening methods have been studied in statistics. An accurate
Gaussian process model of computer simulation was generated using a reduced number
of variables, which are found according to the maximum likelihood estimator (MLE) of
the correlation parameters of the model for a deterministic problem (Welch et al., 1992).
Based on the data, vital variables were efficiently identified in the pool of variables using
a regression model (Duarte Silva, 2001; Wang, 2009). Moreover, feature selection

methods, which select important variables for effective representation of output, have
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been researched (Guyon and Elisseeff, 2003). Furthermore, manifold learning has been
studied to capture input information in a reduced dimension to perform the following
statistical analysis efficiently (Izenman, 2008). In physics and engineering, variable
screening methods have been researched as well. Significant variables were identified
for the quasi-molecular treatment of ion-atom collision (Eichler and Wille, 1975). For a
DDO problem of car crashworthiness, important variables were detected using the
confidence intervals of the coefficients of a linear surrogate model (Craig et al., 2005).
To assess the long-term performance of a geologic repository for high-level radioactive
waste with small data and few variables, the sampling-based sensitivity measure ranked
the importance of variables (Wu and Mohanty, 2006). Apart from the aforementioned
variable screening methods, the design sensitivity analysis (DSA) method can be used for
the same purpose because key variables have larger design sensitivity. For deterministic
problems, the analytical DSA methods for the performance measures of various
engineering problems are already well developed (Choi and Kim, 2005a; Choi and Kim,
2005b), and these methods have been categorized as local sensitivity analysis (LSA;
Reedijk, 2000; Chen et al., 2005). For reliability problems, the randomness of the input
variables is considered in probabilistic constraints. Therefore, the design sensitivity of
the probabilistic constraints mentioned in Section 1.1.1 could be used to find out
important variables for reliability problems. In addition, the correlation ratio (McKay et
al., 1999), global sensitivity indices (Sobol, 2001), and analytical global sensitivity
analysis (GSA) methods (Chen et al., 2005), which are categorized as GSA, can be
effective variable screening methods as well (Mack et al., 2007).

However, the above-mentioned methods might not be directly applicable to
creating an accurate surrogate model for RBDO. Methods totally based on existing data
(Duarte Silva, 2001; Wang, 2009; Guyon and Elisseeff, 2003; 1zenman, 2008) could not
be applied to RBDO due to the change of the design in the optimization process. Since

RBDO utilizes computer simulations such as the finite element method (FEM) and
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computational fluid dynamics (CFD), the relationship between input and output is known
through the computer simulation. Hence, it may not be useful for RBDO to identify input
variables from among all the variables that may be irrelevant to output (Guyon and
Elisseeff, 2003). It is more of interest to find significant variables among relative
variables using the computer simulation in this study. In view of the fact that RBDO
requires estimation of how much output uncertainty is induced by the randomness of
input variables, capturing input information in reduced dimension (Izenman, 2008) is not
a topic for RBDO. By the same token, variable screening and DSA methods for
deterministic problems (Welch et al., 1992; Craig et al., 2005; Choi and Kim, 2005a;
Choi and Kim, 2005b) could not be used for RBDO. For broad application, a method
developed for a specific problem (Eichler and Wille, 1975) might not be adequate. If a
method requires a substantial number of analyses (McKay et al., 1999; Sobol, 2001), the
analyses may not be affordable in computationally challenging RBDO problems. Also,
methods could become unstable due to an insufficient number of analyses (Wu and
Mohanty, 2006). As searching MPP in a high-dimensional problem could be expensive,
so the design sensitivity of the sensitivity-based reliability method (Haldar and
Mahadevan, 2000; Tu et al., 1999; Ditlevsen and Madsen, 1996; Hou, 2004; Gumbert et
al., 2003; Hohenbichler and Rackwitz, 1988; Rahman and Weli, 2008; Lee et al., 2010b)
does not offer an efficient variable screening method for RBDO. If a method requires
accurate full-dimensional surrogate models (Chen et al., 2005; Lee et al., 2011a; Lee et
al., 2011b), the surrogate models can be directly used for RBDO without variable
screening. In summary, key desirable properties of a variable screening method for
RBDO with a surrogate model are found from previous works: it should (1) be efficient,
(2) consider input randomness, (3) not require a full-dimensional surrogate model, and

(4) be applicable to broader problems.
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1.1.3 Confidence-based RBDO

An input probabilistic model in a reliability problem follows a joint probability
distribution due to the randomness of input variables. In addition, as briefly discussed in
Section 1.1.1, the aforementioned RBDO methods require an accurate input probabilistic
model — a so-called “true” input probabilistic model. Theoretically, a true input
probabilistic model is obtainable only from population data, which are the test results of
all subjects in the system. For example, the true model of the weight of elephants means
literally the weights of “all” elephants on earth. Therefore, it is practically impossible to
obtain true input probabilistic models in realistic problems. As a result, sampled data
instead of population data are usually used to create an input probabilistic model. Of
course, how the data is sampled is important, but the amount of data still dictates the
accuracy of the input probabilistic model. Unfortunately, due to cost and time
constraints, it is highly probable that only limited data are available for an input
probabilistic model in a realistic problem. Then, the input probabilistic model generated
using the limited data becomes uncertain. That is, the input probabilistic model shows a
random feature on top of the randomness of the input variables. As a result, the
uncertainty in the input probabilistic model forces the reliability output to be less
confident.

Consequently, conservative, but not overly conservative, RBDO methods need to
be investigated when only limited data are provided. A safety factor approach could be
an intuitive start to considering the uncertainty in the input probabilistic model
(Elishakoff, 2004). The P-boxes and the probability bounds, which are essentially a new
input probabilistic model at a certain confidence level based on the data, are developed to
capture the uncertainty in the input probabilistic model (Tucker and Ferson, 2003;
Aughenbaugh and Paredis, 2006; Utkin and Destercke, 2009). The uncertainty in the
input probabilistic model and the randomness of the input variables are combined in a

modified input probabilistic model by using intentionally enlarged input variances (Noh
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etal., 2011a; Noh et al., 2011b). Here, it can be seen that all these methods adjust the
input probabilistic model to consider the uncertainty in it. However, the uncertainty in
the input probabilistic model transfers to the reliability output through a performance
measure in a manner similar to how the randomness of the input variables propagates to
the output uncertainty. When the performance is nonlinear, it is hardly possible to
accurately estimate the uncertainty of the reliability output, which is induced by the
uncertainty in the input probabilistic model, by simply altering the input probabilistic
model. Moreover, modifying the input probabilistic model may mix the effect of the
uncertainty in the input probabilistic model and the randomness of the input variables,
which are essentially two different sources of uncertainty.

The Bayesian approach may satisfy the need to directly access the reliability
output and to separate the effect of the uncertainty in the input probabilistic model and
the randomness of the input variables. The fatigue reliability of a steel bridge was
estimated by combining several input probabilistic models and two crack propagation
models with the Bayesian method and nondestructive inspection (NDI) data (Zhang and
Mahadevan, 2000), and the reliability could be updated as more NDI data became
available. The mean of the simulation output was qualified in the presence of the
uncertainty in the input probabilistic model using the Bayesian model average (BMA)
approach (Chick, 2001), but the two uncertainty sources were not clearly distinguished
yet. Later, Gunawan and Papalambros (2006) successfully separated the two sources and
assumed that the reliability output follows beta distribution. That is, the reliability
output, which quantifies the randomness of the input variables, also follows another
distribution (the beta distribution in this case) due to the uncertainty in the input
probabilistic model. The cumulative distribution function (CDF) of the beta distribution
at certain reliability output is the confidence level of the reliability output. Using these
observations, an RBDO problem of minimizing cost and maximizing confidence level

was performed. Youn and Wang (2008) obtained an extreme case of the beta distribution

www.manaraa.com



10

using extreme distribution theory, and the median value of the extreme case was used as
probabilistic constraints for RBDO. In addition, the design sensitivity of the probabilistic
constraints was developed. However, the distribution of the reliability output still has not
been fully utilized. Once the distribution is obtained, the confidence level of the
reliability output is directly accessible. Therefore, a method that can find an optimum
satisfying target reliability output as well as target confidence level can be developed.
Finally, from the previous works, the required properties of a new RBDO method
for limited data can be found. The new method should (1) directly access the reliability
output using the Bayesian approach, (2) distinguish the uncertainty in the input
probabilistic model and the randomness of input variables, and (3) use the two target
values of target reliability output and target confidence level. Ultimately, it would be
better to (4) develop a design sensitivity for the new RBDO method to secure an effective

and efficient optimization process.

1.2 Objectives of the Proposed Study

The first objective of this study is to develop a new variable screening method for
RBDO with surrogate models. As discussed in Section 1.1.2, the new method pursues (1)
efficiency, (2) consideration of randomness of input variables, (3) a method without a
full-dimensional surrogate model, and (4) broad application. To reduce the
dimensionality of a reliability problem, screened-out random variables should be fixed at
a deterministic value. However, even if only one random variable is fixed, the total
randomness of the input variable and the corresponding output uncertainty will be
reduced. Hence, to correctly consider input randomness and solve a reliability problem
with a reduced number of variables, the reduction of output uncertainty should be
minimized. This is why output variance, which represents the output uncertainty, is used
in this research as a measure to identify important variables. The variables that induce

large output variance will be selected as important variables (Bae, 2012). To improve
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efficiency, the output variance is approximated with partial output variances, which is the
output variance when a variable is random and others are fixed at their mean values,
based on the univariate dimension reduction method (DRM; Rahman and Xu, 2004).
Furthermore, the partial output variances require only one-dimensional surrogate models,
which can be readily obtained with ease. Because the partial output variances can be
calculated for any performance measure, they are applicable to broad problems. The
variable screening method in this study emphasizes efficiency and practicality because
those are very important for large-scale problems and the partial output variance satisfies
the requirement.

The second objective of this study is to develop a new RBDO method that is able
to find a reliable design even with limited data. As described in Section 1.1.3, the
required properties for the new method are (1) direct access to the reliability output using
the Bayesian approach, (2) separation of the uncertainty in the input probabilistic model
and the randomness of input variables, (3) usage of two target values, and (4) design
sensitivity. Uncertainty in the input probabilistic model forces the reliability output to
follow a certain probabilistic distribution. Using Bayes’ theorem and the given input
data, the distribution of reliability output is decomposed into successive conditional
probabilities of input distribution parameters and input distribution types (Cho et al.,
2012). The probability of input distribution parameters is derived using the Bayesian
method with non-informative priors and assuming that the limited data are under a
normality condition. Furthermore, the probability of the input distribution type is
acquired as well based on Bayes’ theorem for the given input distribution parameters and
the data. Then, the distribution of reliability output becomes directly accessible using
MCS. Finally, knowing that the probability of the reliability output is the confidence
level at a reliability output, a new confidence-based RBDO can be formulated to find an
optimum that minimizes a cost function and satisfies the target confidence level at the

target reliability output. As a result, a reliable, but not overly conservative, optimum
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design can be obtained using C-RBDO even with limited data. In addition, the analytical
design sensitivity for the probabilistic constraint of C-RBDO, which is the confidence
level at the target reliability output, has been developed as well. The developed C-RBDO

method has great importance because it can solve more realistic RBDO problems.

1.3 Organization of Thesis

Chapter 2 presents basic concepts of reliability analysis and RBDO, which could
be helpful to understand the proposed methods.

Chapter 3 proposes a new variable screening method for RBDO with surrogate
models. First, output variance is introduced as a benchmark to determine important
variables. Second, the developed method is explained in detail. Third, the output
variance is approximated with partial output variances. Fourth, hypothesis testing is used
to minimize error in the variable screening. Finally, the one-dimensional (1-D) surrogate
model is tailored for the developed method.

Chapter 4 verifies the performance of the developed variable screening method
for RBDO using analytical examples and a 44-dimensional (44-D) engineering problem.
The developed method is compared with global sensitivity analysis (GSA) method.
Reliability-based design optimization is performed to confirm the effectiveness of the
developed method.

Chapter 5 proposes a new method to estimate the confidence level of reliability
output. First, the probability of the reliability output is decomposed into successive
conditional probabilities using the Bayesian method. Second, the conditional
probabilities are obtained with reasonable assumptions, and a numerical method is
proposed to calculate the confidence level.

Chapter 6 presents C-RBDO and its design sensitivity method. First, C-RBDO is
formulated using the developed confidence level estimation method. Second, the design

sensitivity of the confidence level is developed. Third, efficiency improvement methods

www.manaraa.com



13

are introduced to alleviate the computational cost of C-RBDO. Finally, C-RBDO and the

design sensitivity method are tested using numerical examples.

Chapter 7 presents conclusions of this study and future recommendations.
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CHAPTER 2
DESIGN UNDER UNCERTAINTY

In this chapter, fundamental ideas of design under uncertainty are reviewed. In
Section 2.1, the reliability analysis method, which estimates the probability of failure or
the reliability output, is explained. Then, the performance measure approach (PMA),
which is an inverse reliability method, is presented in Section 2.2. Sensitivity-based
RBDO and its design sensitivity are discussed in Section 2.3. Finally, recently developed
sampling-based RBDO methods and stochastic design sensitivity are explained in Section

2.4.

2.1 Reliability Analysis

Reliability analysis is a method that calculates the probability of failure. The
probability of failure pr can be defined using a multi-dimensional integral as (Madsen et

al., 1986)

szmoo>m:L . (x) dx (2.1)

(X)>0

where X = [X1, Xz, ..., Xn]" is an N-dimensional vector of input random variables Xi,
G(x) is a performance measure function such that G(x) > 0 is defined as failure, and fx(x)
is a joint probability density function (PDF) of the input random variables. In most
engineering problems, the type of joint PDF is not Gaussian (multivariate normal
distribution), and the performance measure G(x) is nonlinear. In such problems, it is
hardly possible to evaluate Eq. (2.1) analytically. There are two approaches to resolve
this problem. In the first approach, the random variable vector X, which follows a non-
Gaussian PDF, is transformed into independent standard normal space (U-space) and the
nonlinear performance measure is approximated with Taylor series expansion in the U-

space. This first approach is called “sensitivity-based reliability analysis” since Taylor
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series expansion uses the sensitivity (gradient) of the performance measure G(x). The
transformation and approximation are explained in Sections 2.1.1 and 2.1.2. The second
approach is to use the Monte Carlo simulation (MCS) method. Monte Carlo simulation
can calculate Eq. (2.1) using samples that are drawn from input joint PDF fx(x). Hence,
the second approach is called “sampling-based reliability analysis” and is explained in

Section 2.1.3.

2.1.1 Transformation
Let an N-dimensional random variable vector X has a joint cumulative
distribution function (CDF) Fx(x). Then, the Rosenblatt transformation, which is
denoted as T : X —U, can transform X in X-space to a new random variable vector U in

U-space as (Rosenblatt, 1952)

u, d)’l[FXl (xl)}

Ju, =0 [F, (%]%)] 2.2)

Uy :qyl[FxN (XN|X1’X2'“"XN—1):|

where the conditional CDF Fy (%X, X,,--,X_,) and standard normal CDF d(e) are

defined respectively as

[7 (x4, £) dE

Fe, (%] %0 %+, %) = ) (2.3)
1 u 1,
@(U):Ej_wexp[—gé jdg (24)

In the transformed U-space, all random variables U; follow standard normal distribution
(normal distribution with zero mean and unit standard deviation), and they are

statistically independent. Therefore, the problem due to non-Gaussian distribution of X is
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resolved in the new random variable U. Moreover, from Eq. (2.2), the inverse

transformation can be obtained as

X = Fﬁl[q)(ul)]

: X; = I:x_zl [CD (u2|X1)] (2.5)

Xy = I:x_Nl [(D (UN|X1!X2""!XN-1)]

If all X; are statistically independent from each other, the joint PDF of X becomes simply

a multiplication of all the marginal PDFs of X; as
N
fx (X) = H fxi (Xi) (2.6)
i=1

where fy (%) is the marginal PDF of Xi. Then, the conditional CDF in Eq. (2.3)

becomes

Fr, (%% X000 %y ) = Fy (%) - (2.7)

Consequently, the Rosenblatt transformation and its inverse in Egs. (2.2) and (2.5) are

simplified for independent random variables X; as

u =@ Fy (x)] and x =F[@(u)]. (2.8)

For five commonly used distribution types, the Rosenblatt transformation and its inverse

for independent random variables are shown in Table 2.1.
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Table 2.1 The Rosenblatt Transformation and Its Inverse for Independent Random

Variables
Types Parameters PDF Transformations
N | |4 mean f(x)= L e%[%ﬂz , | u=(x-w)/o,
orma o . standard deviation V2ro X=u+ou
X € (—o0,0)
1fInx-gu 2 o
Log- 52:|n|:1+(0'/,u)2:|, f(x) = 1_ o 2{ 5 } u=(Inx-pn)/a,
normal T=Inu—055 \)/(?(%Xoo) x=exp(zi+au)
_ k(x )t o« @[] et
y—vr(1+l/k), f)=—|2| e (xiv) u e :
W e e (14 2/K) - viv | e
- lu XE[O,OO) X:V|:—In{1—q)(U)}:|
p=v+0577/a, £(x) = ge-atn=o | u=07 exp{-e 0} |,
Gumbel ’
O'=7Z'/\/60! X € (—00,0) x:v—ln[—ln{CD(u)}]/a

2.1.2 First- and Second-Order Reliability Methods

(FORM/SORM)

To calculate the probability of failure in Eq. (2.1), first the performance measure

G(x) is transformed to g(u) in U-space using the Rosenblatt transformation. Then, the

performance measure g(u) is approximated at the most probable point (MPP) in U-space

using Taylor series expansion. The MPP is the closest point on the limit state function,

which means g(u) = 0, to the origin in U-space and is denoted as u”. Hence, the MPP can

be obtained by solving an optimization problem of

subject to

minimize  |u]

g(u)=0.

(2.9)
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The concept of MPP is shown graphically in Figure 2.1. It is noted that y(v) indicates
g(u) in Figure 2.1. Once MPP is found, the distance between MPP and the origin is the
Hasofer-Lind reliability index Su. (Hasofer and Lind, 1974).

MPP-based
univariate method

U, [{|[V) :0] vy
A s \,
/ .
Failure set
\
>
FORM

— —

N
MPP (" orv) \\ SORM

AN

i

Figure 2.1 Concepts of MPP, Reliability Index SxL, FORM and SORM

Source: Rahman, S., and Wei, D., "A Univariate Approximation at Most Probable
Point for Higher-Order Reliability Analysis,” International Journal of Solids and
Structures, Vol. 43, No. 9, pp. 2820-2839, 2006.
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The first-order reliability method (FORM) approximates the limit state function
g(u) = 0 using first-order Taylor series expansion at the MPP. Hence, the approximation
requires the sensitivity (gradient) of the performance measure g(u), and the approximated
limit state function is linear in U-space (see Figure 2.1). Then the probability of failure in

Eqg. (2.1) can be estimated using FORM and the reliability index SxL as

P = D(=B,y) (2.10)

For a highly nonlinear performance measure, FORM may not estimate the
probability of failure correctly. For example, FORM overestimates the probability of
failure in Figure 2.1. The failure region (or failure set) defined by FORM is much larger
than the actual one. Hence, for more precise estimation, the second-order reliability
method (SORM), which approximates the limit state function with second-order Taylor

series expansion, can be used as (Breitung, 1984; Hohenbichler and Rackwitz, 1988)

IN_1_2 ¢(ﬁHL) A

- (2.11)
(D(_ﬂHL) )

™ = (-5, )

where N is number of random variables (dimension of given problem), the matrix A and

its partitions are defined as

A=t R
2|vy9l

, (2.12)

ANl ANN

H is the Hessian matrix at the MPP in U-space, R is the rotation matrix such that u = Rv

(see Figure 2.1), and the PDF of the standard normal distribution ¢ (e) is defined as

#(X) :%exp(—%xzj. (2.13)

Still, it can be seen in Figure 2.1 that SORM might not be able to calculate the probability

of failure when the performance measure g(u) is highly nonlinear. To alleviate the
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problem caused by nonlinearity, the dimension reduction method (DRM) has been
developed (Rahman and Xu, 2004; Xu and Rahman, 2004; Rahman and Wei, 2006;
Rahman and Wei, 2008). As shown in Figure 2.1, DRM is able to approximate the limit
state more accurately than FORM and SORM; hence it provides an accurate reliability

analysis result.

2.1.3 Sampling-Based Reliability Analysis
The probability of failure in Eq. (2.1) can be directly calculated by applying the
MCS method as (Lee et al., 2011a; Lee et al., 2011b)

e =0 T OIOX =] 1o (0 T (X)
1 NMCS ) (214)
Nmcs 2 o X

i=1

~

where x is the i-th realization of X (i-th MCS sample), NMCS is the number of MCS
samples, Qr is the failure domain such that G(x) > 0, and I,,_(e) is an indicator function
defined as

| ()= 1, forxeQ. 215
210, otherwise (2.15)

Sampling-based reliability analysis is very straightforward, as shown in Eq.
(2.14), and it does not require finding the MPP. Moreover, it does not involve sensitivity
or the Hessian matrix of the performance measure, whereas they should be provided for
FORM and SORM. However, the accuracy of MCS depends on the number of MCS
samples NMCS. To calculate the probability of failure accurately, a large number of

samples are required. This is further discussed in Section 2.4.
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2.2 Performance Measure Approach (PMA)

The sensitivity-based reliability analysis in Section 2.1.2 is called the reliability
index approach (RIA; Tu et al., 1999) because it finds the Hasofer-Lind reliability index
PhL. Itis also shown that the probability of failure can be calculated with Sy using
FORM and SORM. On the other hand, the performance measure approach (PMA; Tu et
al., 1999) does not estimate the probability of failure; it only judges whether a design
satisfies a given target probability of failure p[*". Using Eq. (2.10) in FORM, the target

probability of failure is transformed to target reliability index g as
B == (pf). (2.16)

Then, an optimization problem can be formulated using the target reliability index g as

maximize g(u)

subjectto  |uf = 5. 217

Here, the optimum point of Eq. (2.17) is also called “MPP” and denoted by u”. Let g(u)
> 0 mean failure of the design. If g(u®) is less than zero, the design satisfies the target
probability of failure. The PMA is well known for its efficiency and robustness (Tu et
al., 1999; Tu et al., 2001; Choi et al., 2001; Youn et al., 2003). Several techniques have
been developed to find the MPP effectively in the PMA such as the mean value (MV)
method, advanced mean value (AMV) method (Wu et al., 1990; Wu, 1994), hybrid mean
value (HMV) method (Youn et al., 2003), and enhanced hybrid mean value (HMV+)
method (Youn et al., 2005). For the nonlinear performance measures, higher-order
approximation is required for the PMA. Hence, the DRM has been applied also to the

PMA for the nonlinear performance measures (Lee et al., 2010a).
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2.3 Sensitivity-Based RBDO

A reliability-based design optimization (RBDO) problem can be formulated in
general form as
minimize  Cost(d)
subjectto  P[G,(X)>0]< p”, i=1.---,NC (2.18)
d*<d<d’, deR"™ and XeR"

where X is the N-dimensional random variable vector, d is the NDV-dimensional design
variable vector, G; is the i-th constraint function, p,T:fr is the target probability of failure
for the i-th constraint, and NC is the number of constraints. In RBDO, a design variable
di is the mean of the corresponding random variable Xj; hence d; = z(X;). Among
random variables, not all of them are related to the design variables. The variables that
are not related to the design variables are called “random parameters.” It is noted that the
probabilistic constraint P[Gi(X) > 0] is used in Eg. (2.18), not the (deterministic)
constraint function Gi.

Sensitivity-based RBDO solves Eqg. (2.18) subject to a modified probabilistic

constraint using sensitivity-based reliability design optimization. If RIA is used, the

probabilistic constraint in Eq. (2.18) is changed to

P[G;(X) > 0] < plT:iar - B <B, (2.19)

where gi and g, are the probability index and target probability index for the i-th
constraint, respectively. fi is the same as gn for the i-th constraints in the FORM. For

the SORM and DRM, S can be calculated as

f=-07"(p;), (2.20)

where p. is the probability of failure for the i-th constraint using the SORM or DRM.

For an effective and efficient RBDO optimization process, the design sensitivity of the
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probabilistic constraint is necessary. As mentioned in Chapter 1, the design sensitivity
for RIA has been developed for the FORM (Haldar and Mahadevan, 2000; Tu et al.,
1999; Ditlevsen and Madsen, 1996; Hou, 2004; Gumbert et al., 2003; Hohenbichler and
Rackwitz, 1988) and DRM (Rahman and Wei, 2008).

In RBDO, the actual value of the probability of failure is of no interest since
eventually all the probabilistic constraints will satisfy the target probability of failure at
the optimum design. Hence, the PMA, which judges only whether a design is safe or not,
is more robust and adapts RBDO better than RIA. When the PMA is used, the constraint

is changed to

PIG,(X)>01< p* — G, (X)<0, (2.21)

where x” is the MPP of the PMA in X-space. The design sensitivity for PMA is also
developed for FORM and DRM (Gumobert et al., 2003; Hou, 2004; Lee et al., 2010b).
For FORM, the expression of the design sensitivity is

_6
)

6G(x") :[axT G (2.22)

od  |ad ] . ox

x=X"

2.4 Sampling-Based RBDO

For complicated engineering problems, the sensitivity or Hessian matrix of the
constraint function G(x) may not be available. Then, the sampling-based reliability
analysis in Section 2.1.3 becomes prominent since it does not require any of them. Since
the probability of failure is directly calculated using Eq. (2.14) in the sampling-based
reliability analysis, no modification is needed for the probabilistic constraint in Eq.
(2.18). The design sensitivity of the probabilistic constraint is developed using the score
function and the MCS method (Lee et al., 2011a; Lee et al., 2011b). The design

sensitivity method does not require extra MCS; it simultaneously calculates the design
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sensitivity during estimation of the probability of failure using the same MCS samples
and constraint function evaluations.
First, the following four regularity conditions should be satisfied before derivation

of the design sensitivity (Rubinstein and Shapiro, 1993; Rahman, 2009).

[

. The joint PDF f, (x;p) is continuous.

N

. Themean ux eM, cR, i=1---,N, where Mj is an open interval on R.

w

. The partial derivative of, (x;p)/d; exists and is finite for all x and . In
addition, pr(p) is a differentiable function of p.
4. There exists a Lebesgue integrable dominating function r(x) such that

of, (Xm)|

‘h( )————|<1(X) (2.23)

for all u. h(x) is a general function and can be 1, (x).
If the four conditions are satisfied, taking the derivative of Eq. (2.14) with respect to i
yields (Lee et al., 2011a; Lee et al., 2011b)

6p|:(u)_i .
o " Ba [ 1o, 09, (6 m)dx
— [ 1, 0o i) (X")d

[ 1o, 00 ESM) ¢ yax
BT Op;

{ (x )amf (X u)}

(2.24)

In Eq. (2.24), the derivative of the natural logarithm of the joint PDF fx(x; n) with

respect to i is the first-order score function for wi, which is defined as

oln f, (X;p)

» (2.25)

@) (- —
S,ul (X' l‘l) =
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As explained before, the design sensitivity using the first-order score function for xi in
Eq. (2.24) does not involve the sensitivity of the constraint function G(X). It uses only
the score function in Eq. (2.25), which can be obtained analytically. The reason is well
illustrated in Figure 2.2. The horizontal axis is a random variable vector in a certain
direction, and the vertical axis is the constraint function G;j(X). Also, two examples of
the input joint PDF fx(x; W) are shown in Figure 2.2. If the failure region is set as Gj(x) >
0, the gray area in Figure 2.2 represents the probability of failure. When the design
variable p changes in the optimization process, the constraint function G;(X) holds its
position, whereas the joint PDF fx(x; i) moves along with the design variable. Hence,
the gray area expands or shrinks due to the PDF movement, and the change rate of the
gray area depends on the shape (slope) of the PDF on the limit state, which is related to
the score function. This is why the design sensitivity is related to the score function, not

the sensitivity of the constraint function G;(X) in Eq. (2.24).

G;(X)
LimitIState
f (X !
x( E G(X)>0
— g \ N
0 | Feasible “
Region Failure Region €2

G(X)<0

Figure 2.2 Concept of Design Sensitivity for Sampling-Based RBDO
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For an independent input random variable Xi, the first-order score function for i

in Eq. (2.25) can be expressed with the marginal PDF f, (x;; ;) as

s (x;p) =

oln f,(x;p) _0Infy (X 1)
O, O |

(2.26)

If the marginal PDF has an analytical expression as shown in Table 2.1, the derivation of

the first-order score function for y; of the statistically independent random input is

straightforward, as shown in Table 2.2.

Table 2.2 First-Order Score Function for ;i of Independent Random Variables

Marginal . _ _
dist.gty pe First-order score function, s (x; n)
X — U
Normal I—zﬂl
O
100, 1(Inx—-u Ol 00,
Log-normal -—— 9i +—= nX'_ i1y o, il +(In Xi_;,i)ﬂ
o, Ot O of ou, ou,
Gumbel a _aie*ai(xi*"i)
k|
Weibull | Lok _LTovi ok ox (k-Dovi fx ) ok X kov
Ki O vi Ot O v vi o \v o, vy v, Oy,

Source: Lee, 1., Choi, K. K., Noh, Y., Zhao, L., and Gorsich, D., "Sampling-Based
Stochastic Sensitivity Analysis using Score Functions for RBDO Problems
with Correlated Random Variables,” Journal of Mechanical Design, Vol. 133,
No. 2, pp. 021003, 2011.

www.manaraa.com



27

When two random variables Xi and Xj are statistically correlated, the joint PDF of
X=[Xi, X;]" can be expressed using marginal PDFs and copula as (Noh et al., 2009; Noh
etal., 2010; Lee et al., 2011b)

.y 9°C(u,v;0) : .
fy(X;n) :W fy, (%3 24) ij (X;545)

:CYUV(U,V;H) fxi (Xi;:ui)fXj (Xj;'ui)

(2.27)

where C is a copula function, u=F, (x;z) and v=F, (x;;4;) are marginal CDFs for
X; and X, respectively, and & is the correlation coefficient between Xi and X; for the
copula function. Furthermore, the partial derivative of the copula function to u and v is the
copula density function c as

0’°C(u,v;0)

c(u,v;0) = Y

C.uv;0). (2.28)

Using Egs. (2.27) and (2.28), the first-order score function for y; of the correlated

random bivariate variable X can be derived as

_aInfy(xp) _alnc(u,v;0) oln f, (X5 4)
o ou, o

1) .
s, (X;n) (2.29)
The first term of the right-hand side of Eq. (2.29) for well-known copula types is listed in
Table 2.3; the second term is already shown in Table 2.2. In Table 2.3, it can be seen that
another derivative term, which is the derivative of the marginal CDF u to design variable
Mi, 1s required, and the term is derived for the representative distribution types in Table

2.4.
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Table 2.3 Log-Derivative of Copula Density Function

Copula olnc(u,v;0)
type ou,
140 (20+1)u™™ ) au
Clayton L ' + v 1 o
—6? (1-v)+6(v+1) 36(1-v) ou
AMH . _
1+6°(1-u)(1-v)-0(2-u-v-uv) 1-6(1-u)(1-v) |y

) 2 (e6(1+u) _ ee(u+v) ) . ou
Frank +
eH _ e9(1+u) _ e«9(l+v) + eH(u+v) 8,”.

o 26(2v-1) ou
1+6(1-2u)(1-2v) | o,
. Olu) | 60(v)-0(u) | au
Gaussian { (D (u)) * A (u))(1- 02)} Ol;

Source: Lee, 1., Choi, K. K., Noh, Y., Zhao, L., and Gorsich, D., "Sampling-Based
Stochastic Sensitivity Analysis using Score Functions for RBDO Problems
with Correlated Random Variables,” Journal of Mechanical Design, Vol.
133, No. 2, pp. 021003, 2011.
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Table 2.4 Partial Derivatives of Marginal CDF with Respect to i

_ Marginal Partial derivatives of marginal distribution, u
distribution type Op;
1 -
Normal __¢( X J
0, o,
1(ou _ Oc, — Inx— 1z
Log-normal —fz{iim+—5%mx—mﬂ¢ﬂ—:lij
o (O Op o
Gumbel _g et
_[ijki ki ok k o
Weibull e i) [ XK X _Kovi
Vi o, vy v, O

Source: Lee, 1., Choi, K. K., Noh, Y., Zhao, L., and Gorsich, D., "Sampling-Based
Stochastic Sensitivity Analysis using Score Functions for RBDO Problems with
Correlated Random Variables,” Journal of Mechanical Design, Vol. 133, No. 2, pp.
021003, 2011.

Under the assumption that statistical correlation happens in between only two
random variables, the joint PDF of a general random input X=[X1, ..., Xn]", which has
NCORR correlated pairs, can be expressed as

NCORR

foom =TT ¢ v, f, (6 a) (2.30)

Then, the first-order score function for u; of the general input X is derived as

olnf, (x; i
it % for independent X,
S0 (xop) = n@x(x,lu)= e (ﬁiv-e) ot ) (2.31)
H SRS TN x5 A gor correlated X,
O O
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It can be seen that the terms on the right side of Eq. (2.31) are the same as those in Egs.
(2.26) and (2.29). Hence, the first-order score function can be obtained, and the design
sensitivity in Eq. (2.24) becomes available for the general input random variable X.

For an effective and efficient RBDO process, the probability of failure and its
design sensitivity need to be calculated accurately with MCS. The accuracy of the MCS
depends on the number of MCS samples and the statistic under consideration. For the
reliability analysis and RBDO, the statistic is the target probability of failure. Assuming
that the error level of MCS is the same as the 95% confidence interval of the estimated
probability of failure, the percentage error can be defined as (Haldar and Mahadevan,
2000)

_ Tar
£% = % x 200% (2.32)
X Pe

Tar

where NMCS is the number of MCS samples and p;™ is the target probability of failure.
In Eq. (2.32), it is shown that NMCS should be increased to maintain a certain level of
accuracy for a small target probability of failure. Since many analyses of the MCS
samples are not affordable, surrogate models are commonly used for the sampling-based
reliability analysis and RBDO as explained in Section 1.1.

Though the sampling-based reliability analysis and RBDO have efficiency issues,
they still have attractive features already mentioned in this section. Hence, in the
following chapters and sections, the sampling-based reliability analysis and RBDO are

used as the main methods.
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CHAPTER 3
VARIABLE SCREENING METHOD FOR RBDO

In this chapter, a new variable screening method for reliability-based design
optimization (RBDO) is introduced. In Section 3.1, variable screening for deterministic
design optimization (DDO) and RBDO are compared, and output variability (output
variance) is found to be a benchmark to determine key variables. In Section 3.2, the
developed method is explained in detail. First, output variability is quantified with partial
output variances, using only one-dimensional (1-D) surrogate models. Then hypothesis
testing is used to select key variables with minimum error. Finally, the 1-D surrogate

model is tailored especially for the developed method.

3.1 Variable Screening

Screening out variables means finding important variables among all random
variables. Here, the word “important” could have different meanings depending on the
problem we are dealing with. In the following two sections, the differences between
variable screening for DDO and RBDO are explained. Based on the difference, the

required properties of variable screening for RBDO are introduced.

3.1.1 Variable Screening for DDO

A DDO problem can be formulated as

minimize  Cost(d)
subjectto  G;(d)<0, i=1---,NC (3.1)
d-<d<d’, deR™

where d, Gi, NC, and NDV are the design variable vector, i-th constraint function,
number of constraints, and number of design variables, respectively.
In the DDO problem, the input design variables do not have uncertainty, and thus

the design sensitivity can be used as a barometer to determine the importance ranking of
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design variables with respect to the performance measure (constraint function). The
question is: “Where should the importance ranking of design variables be determined?”
or “Where should the design sensitivity be calculated?”

Local sensitivity analysis (LSA) calculates the design sensitivity at a given design
point (Reedijk, 2000; Chen et al., 2005). Usually, LSA is used to provide the direction of
design movement in the optimization process. For variable screening, LSA can provide
the importance ranking of design variables at the current design point. However, the
importance ranking at the given design point could be different from the ranking at other
design points if the performance measure is a nonlinear function of design variables. On
the other hand, global sensitivity analysis (GSA) is used to calculate overall design
sensitivity on the entire design domain. The GSA is like averaged design sensitivity in
the design domain. As it is an average, the importance ranking using GSA could mislead
at specific points or even regions. Hence, LSA and GSA have advantages and

disadvantages for variable screening (Reedijk, 2000).

3.1.2 Variable Screening for RBDO
A general RBDO formulation in Eq. (2.18) is recalled as
minimize  Cost(d)
subjectto  P[G,(X) >0]< p{*, i=1,--,NC (3.2)
d"<d<d’, deR™ and XeR"

where X is an N-dimensional random variable vector, d is an NDV-dimensional design
variable vector, Gi is the i-th constraint function, p;ar is the target probability of failure
for the i-th constraint, and NC is the number of constraints.

In the RBDO process, design variable vector d is the mean vector of the
corresponding random variable X. Though the design variable d is deterministic, the
design sensitivity for RBDO should consider the randomness of X because the constraints

are based on the probabilistic performance measure P[Gi(X)>0] as shown in Eq. (3.2).
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Therefore, the design sensitivity of the performance measure alone cannot be used as a
barometer. The design sensitivity of the probabilistic performance measure is introduced
in Sections 2.3 and 2.4, and can be used for variable screening for RBDO. The design
sensitivities by those methods are LSA because they provide different sensitivities at
different designs. The GSA method is also applicable for variable screening in RBDO
problems as it is in DDO problems. Again, both LSA and GSA methods have advantages
and disadvantages.

The random parameters will not increase the dimensionality of the optimization
problem because they are not random design variables. However, the surrogate model
that includes random parameters is still required because they affect the output
distribution. The main objective of this study is to select important design variables so
that accurate surrogate models can be generated and, at the same time, an appropriate
optimum design (i.e., not suboptimum) can be obtained in the RBDO process. Hence,
once variable screening is done, the screened-out random design variables need to be
fixed, not to be random parameters. However, fixing a random variable as a
deterministic variable will reduce the total output variability.

Consider a simple example:
X, ~N(5,3), i=12..,10

Y :.IZ_():X‘ - /\/(50,(3@)2).

(3.3)

If the probabilistic performance measure is P[Y > 60], then the reliability analysis result
IS

60-50

3J10

P[Y >60]:1—®( j=0.1459 (3.4)
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where ®(e) is cumulative distribution function (CDF) of standard normal distribution.
However, if one dimension is reduced by screening out X1 = g0 = 5 while the other

variables remain random, then the probabilistic performance measure changes to
- 9
Y =) X, +5~MN(50,9%). (3.5)
i=1

It can be seen that output variability (variance of Y) is reduced from (Bx/fo )2 to 92. Asa

consequence, the reliability analysis result also changes as

60-50

P[Y>60]=1-q>[ j=0.1333. (3.6)
From Egs. (3.4) and (3.6), 0.0126 (1.26%) of the reliability output is decreased by
screening out one variable. A more fundamental problem is that the lost amount 1.26%
cannot be estimated without the full-dimensional reliability analysis result of Eq. (3.4).
On the other hand, let’s assume that X10 has a smaller variance of one. Then, the full-

dimensional reliability analysis yields

60-50

J82

P(Y >60)=1—cp( j:o.1347. (3.7)
From Egs. (3.6) and (3.7), the difference is 0.0014 (0.14%), which could be acceptable.
Therefore, in this case, X1o could be fixed at the mean value. As shown in the example,
the output variability decreases if any random variable is fixed at a deterministic value.
However, there are some variables that affect the output variability a small amount. The
variable screening method for effective surrogate models for RBDO is to find those
variables that have small effects on the output variability. It is noted that the random
parameters are considered as much as the random design variables in this study. Even
though the random parameters are not changing during the RBDO process, they will

influence the output variability. Hence they should be considered in the variable
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screening process, so that reliability of the performance measure can be accurately

approximated using reduced dimension.

3.2 Variable Screening with 1-D Surrogate Model

The probability of failure cannot be solely determined by the output variability.
To obtain accurate probability of failure, the output distribution is needed, that is, all
statistical information of the output is required. However, even though an input
distribution is known, it is very difficult to obtain complete output distribution since the
performance measure could be implicit, a nonlinear function, or even both. For example,
for a given normal input distribution, the output distribution could be bimodal as well as
asymmetric. Consequently, it is impractical to select a reduced number of input variables
based solely on probability of failure. As discussed in previous sections, a screened-out
variable will be fixed at its mean value. Then the change of output mean will be
minimized. As a result, the output variability becomes the measure that can determine a
probability of failure. Of course, other statistical moments or parameters, such as
skewness and kurtosis, could affect probability of failure. However, either of these
statistical parameters cannot be a measure by itself. For example, a variable that induces
larger (or smaller) output skewness may not be an important variable, but it could be an
important variable when it induces larger (or smaller) output skewness and very similar
output variability. We could consider a combination of moments as a measure, but there
are too many possible combinations to consider. Hence, under the assumption that the
output mean is similar, the output variability is chosen as the measure to select vital
variables for RBDO in this study.

The output variability can be quantified by the output variance as shown in
Section 3.1.2. The exact output variance of a nonlinear implicit performance measure is
very difficult to obtain. Hence, an approximated output variance is used in this study. In

the following sections, the output variance is decomposed into partial output variances,
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which are the output variances when each input variable is random and the others are
fixed at their mean values. Then, a method to find the design variables that have a large

impact on output variance is developed using a hypothesis testing.

3.2.1 Approximated Output Variance
A univariate dimension reduction method (DRM) is a well-known approximation
method for statistical moments using multiple 1-D integrations (Rahman and Xu, 2004).
Consider a performance measure Y and its realization y subject to N-dimensional input

random vector X=[X1, ..., Xn]™:

Y(X)=Y (X, 0y X))y YX) = Y(X,-00 Xy) - (3.8)

Define a function Yi, which is the performance measure when X; is random and other

variables are fixed at their mean values, as
Yo=Y (oo gy Xyt My ) - (3.9)
The realization of the performance measure at the input mean point pux is defined as

Yo = Y(ny). (3.10)

The I-th statistical moment of Y, which is approximated using the univariate DRM, is

defined as (Rahman and Xu, 2004)
|
m, = EHZYi —(N —1)y0} ] (3.11)

Then, the output variance 0Y2 can be approximated as

ol=m,—m = ZGYZ, + 22pyiyj 0y, 0y, (3.12)

i>]

where aYzi is the variance of Eq. (3.9), which is the partial output variance when only X;

is random, and Py, is the correlation coefficient between Yi and Yj. As shown in Eq.
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(3.12), the partial output variances aYzi are the main variables for approximating the
output variance ;. When aYzi is larger than other partial output variances, it takes the
largest portion in the output variance . Therefore, if some X; produces larger partial
output variance than others, then Xi should be selected as an important variable. It is
noted that calculation of o—Yzi requires only 1-D integration, and thus only 1-D surrogate
models are required to calculate the partial output variances.

Statistical correlation between Xi and X; yields the term of p,, oy 0, in Eq.
(3.12) and affects the output variance. When X; and X; are strongly correlated, one could
be replaced by the other. To calculate the term Pry, 0y 0y, » @ two-dimensional surrogate
model is required. If there are only a few correlation pairs, calculating the correlation
term could be affordable. However, with a practical point of view, the partial output
variance o*YZi is focused in this study. As we are looking for important variables, not the
value of the output variance o/, the partial output variance would be enough for variable
screening. In Figure 3.1, contours of independent, positively correlated (o = 0.8), and
negatively correlated (o = —0.8) probability density functions are shown. Correlation
determines how the random variables are distributed inside the box (dotted line), whereas
the size of the box is determined by variances of X1 and X.. It can be seen that the
primary effect on output variance is the box size, and then the distribution inside the box
follows. Consequently, to perform variable screening efficiently, the first thing we need
to consider is the box size, not the distribution of random variables inside the box.
Hence, the correlation term is not considered in this study for efficiency and practicality.
It is noted that the statistical correlation between Xi and X; will be considered in reduced-

dimensional RBDO if both variables are selected.
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Figure 3.1 Effect of Variance and Correlation of Input Random Variables

The partial output variance of aYzi is like LSA because it can have different values
at different input mean points px, which represents the current design point in the RBDO
process. Hence, the variable screening result could be changed as the design point
changes. There are several recommended points at which to perform variable screening
using LSA. The first one is the DDO optimum. As the DDO optimum is usually close to
the RBDO optimum, the variable screening result at the DDO optimum is likely to be
similar to the result at the RBDO optimum. Also, the design point where most of the
deterministic constraints are active can be a good candidate point. It is noted that DDO
or the design point where the constraints are active could be obtained using the finite
difference method (FDM) in a practical engineering problem. Also, DDO could be
achieved using the sensitivity obtained from a 1-D surrogate model because DDO

requires only the deterministic LSA, which is 1-D.
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3.2.2 Variable Screening Using Hypothesis Testing
Using the 1-D surrogate model, the partial output variance afi can be calculated

approximately as

ns
2

1 - -
5= S X0 o) 619
j=

where x7 is the j-th realization of the input random variable Xi, ns is the number of

samples, and Y, is the mean of y; as

. 1 ns 3
Vo =—> Vil XYy (3.14)

ns =
As explained in previous sections, the partial output variance SY2 can be used to determine
important design variables. To make the variable screening procedure systematic,
hypothesis testing is applied in this study. Hypothesis testing can prevent undesirable
choices that could occur during the decision-making procedure. Calculated partial output
variance 5y2 depends on the number of samples ns. When ns is large enough, the variable
screening result will be accurate. However, it would require a large computational time.
Also, it is hard to determine when ns is large enough. When ns is small, it will include
statistical error. If calculated S,Y2 are distinctive from each other or with respect to the
screening threshold value, then the effect of ns may not be significant. However, ns
could cause an error when some SY2 are similar to each other or are near the screening
threshold value. Hypothesis testing can prevent this problem in a statistical manner by
letting users control the error level.

Various hypothesis testing methods have been developed for the decision-making
problem (Rosner, 2006). Among those methods, we need the one that is not sensitive to
distribution type because the distribution type of Yi or SY2 is not known in general. The

one-sample t-test is developed based on the central limit theorem (CLT), which states that
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the sample mean of non-normal distribution follows normal distribution approximately
for a large number of samples. The one-sample t-test is not sensitive to underlying
distribution types, so it is used in this study. As the t-test is a method for sample mean,

sfi is calculated nr times for its statistical moments as

-1
V, = ansYZ(k) (3.15)
k=1
= 12(2(” -V)? (3.16)

(k)

where 82 is the k-th repetition of SYZi and nr is the number of repetitions. Now, the

hypothesis is constructed:

H,:V, <, versus H, 1V > (3.17)

where 1o is the criterion of hypothesis testing. According to Eq. (3.17), the design
variable that corresponds to V,, which is greater than o (H: is true), will be selected as
an important variable. Using the one-sample t-test, the hypothesis can be tested by

checking the following statement:

Reject Ho in favor of Hq if g >t , (3.18)

where « is the significance level, t,;, is t,", (), and the test statistics q is defined as

q=( ) 3.19
ﬂ/\/— (3.19)

In Egs. (3.15) and (3.16), the uncertainty induced by ns is transferred to nr.

Hence, ns can be a fixed number, whereas nr should be decided appropriately. Also, o
needs to be identified in Egs. (3.17) and (3.19). uo is the key criterion that decides
important variables, and it should be a value relative to V; because the relative difference

of partial output variances should be checked for variable screening. At the same time,
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Lo needs to be statistically independent from V, for reasonable hypothesis testing. In this
study, preliminary testing is proposed to obtain reasonable nr and o as follows. First,
choose nro, which is large enough so that the CLT holds. Then, calculate the initial

statistical moments of SY2 as

B 1 M
Vi(o) :Fzs\i(k) ) (320)
0 k=1
1 nry _
0~ L0 _qoy e
T4 k=l

Using the value from Eq. (3.20), the testing criterion o relative to V, can be calculated

as
Y S 0
Ho ZWZ%( ) (3.22)

where yis a constant that the user selects. nr is calculated by limiting type 11 error (Ho is

accepted when Hy is true) at the level of false negative rate g as (Rosner, 2006)

(3.23)

2
sc(t .+t . .)
nr=max£ v, \'nip-11-a np-11-4 ’nro

(0
Vit = Ho

In Eq. (3.23), ;. should be used instead of t, ,, for accurate calculation of nr.
However, Eq. (3.23) requires the value of nr on the right side to calculate nr. To avoid

this problem, t,, ;, is used instead, and t produces a conservative result as it is

nrp—1,e

larger than 1, , because nr is larger than nro in Eq. (3.23) and « is usually small.

Finally, nr and o are determined so that the proposed hypothesis testing can be utilized.
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3.2.3 1-D Surrogate Model

In previous sections, the 1-D surrogate model is treated as the given one because
it is not difficult to generate. However, efficiently creating a 1-D surrogate model could
be an issue. For efficiency, quadratic interpolation is proposed as a basic 1-D surrogate
model in this study. Quadratic interpolation may not be an adequate method for creating
a surrogate model for a highly nonlinear performance measure. However, a nonlinear
performance measure can be effectively approximated by a quadratic function on a small
region. If X follows a normal distribution, 99.73% of X is in (ux —3ox, ux +30x), which
is much smaller than the infinite domain. Even if X does not follow normal distribution,
the interval (ux —3ox, ux +3ox) can cover almost all (approximately 98%) of X. In view
of the fact that this study is focused on calculation of partial output variance, the region
(ux —3o0x, ux +3o0x) is large enough. Hence, the 1-D surrogate model needs to be
accurate in the region (ux —3ox, ux +3ox) so that quadratic interpolation could be the
appropriate method to approximate the performance measure in the region.

Quadratic interpolation requires three design of experiments (DoE) samples, and
the location of DoE samples affects the accuracy of interpolation. The location of DoE
samples determined using the Chebyshev polynomial is known to give uniform error in
the domain (Rao, 2002). Because only the region (ux —3ox, ux +3ox) is of interest, the
location of DoE samples is determined as X1 =xx —2.59810x, X2 =ux and X3 =ux
+2.59810x using the Chebyshev polynomial. Since a random variable X may not be
evenly distributed in its domain, providing uniform error does not necessarily mean that
the calculated partial output variance is accurate. However, since no unique location of
DoE samples is best for accurate partial output variance, the sample location by the
Chebyshev polynomial is used in this study because it yields reasonable results for
various distribution types of random variable X. If the random variable X has a closed

and bounded domain like [a, b], the domain can be directly used for calculation of partial
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output variance, and the location of DoE samples are x1 = 0.93301a + 0.06699b, x> =
(a+b)/2 and x3 = 0.06699a + 0.93301b, using Chebyshev polynomials.
To check the performance of a selected location of DoE samples, a nonlinear

performance measure Y is used as

Y(X)=0.3+sin(16X /15-0.7) +sin* (16X /15-0.7). (3.24)

Assuming that random variable X follows A(0.5, 0.333?), three locations of DoE samples
are chosen to compare the accuracy of the partial output variance. The first location is
{0.167, 0.5, 0.833}, which is ux and ux xox, and the second location is from the
Chebyshev polynomial as {—0.365, 0.5, 1.365}. The third location is wider, as {—0.667,
0.5, 1.667%}, which is ux and ux £3.50x%. Partial output variances are calculated using
100,000 realizations of X, and true partial output variance is calculated by Eq. (3.24) with
the same realizations. To check the accuracy of the quadratic interpolation itself, mean
square error (MSE) is calculated in the region of (—0.5, 1.5), which is (ux —3ox, ux +30x)
with 100 uniformly distributed points. The calculated result is shown in Table 3.1, and
the shape of quadratic interpolations is shown in Figure 3.2, where asterisk marks (*)
represent the DoE sample points. As shown in Table 3.1, the location of the DoE sample
using Chebyshev polynomials produces more accurate partial output variance compared
to the true one and less MSE than the other cases.

This example cannot represent all performance measures. When a highly
nonlinear performance measure is expected, more sophisticated surrogate methods, such
as the radial basis function (RBF), polynomial response surface (PRS), support vector
regression (SVR), Kriging, and dynamic Kriging (Cressie, 1991; Barton, 1994; Jin et al.,
2001; Simpson et al., 2001; Queipo et al., 2005; Wang and Shan, 2007; Forrester et al.,
2008; Forrester and Keane, 2009; Zhao et al., 2011) methods, are better. In any case, it is
recommended to sample inside the interval of (ux —3ox, ux +3ox) for the random

variable X if the distribution has an infinite domain.
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Table 3.1 Quadratic Interpolation with Different Sample Locations

Quadratic interpolation

Location of samples {0.167, 0.5, (~0.365, (~0.667, True
0.833} 0.5,1.365} | 0.5,1.667}
Partial Value 8.74E-02 7.84E—-02 6.92E—02 | 7.84E—-02
V(;Sitf#ge Accuracy | 111.53% | 100.01% 88.33% | 100.00%
MSE 1.17E-02 1.19E-03 9.00E-03 0

Figure 3.2 Quadratic Interpolation of Y with Different Locations of Samples

3.5

Quad. Interpolation
True

(a) Location of sample: {0.167, 0.5, 0.833}
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3.5

Quad. Interpolation
True

(b) Location of sample: {—0.365, 0.5, 1.365}

3.5

Quad. Interpolation
True

(c) Location of sample: {-—0.667, 0.5, 1.667}

Figure 3.2 Continued
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CHAPTER 4
NUMERICAL EXAMPLES OF THE
VARIABLE SCREENING METHOD FOR RBDO

In this chapter, the effectiveness of the developed variable screening method is
verified using numerical examples. In Section 4.1, user-specified parameters for the
developed variable screening method are explained. In Section 4.2, the performance of
the present method is tested using two analytical examples. In Section 4.3, the developed
variable screening method is applied to a 44-D engineering problem, and the result is
compared with the one from a global sensitivity analysis (GSA) method. In addition,
reliability-based design optimization (RBDO) is performed for various variable

selections, the results are compared, and the effectiveness of the method is confirmed.

4.1 User-Specified Parameters for Variable Screening

For the numerical examples, partial output variances are calculated to select
important variables using the 1-D quadratic interpolation presented in Section 3.2.3. To
use the variable screening method, five parameters: significance level «, false negative
rate 5, number of sample ns, initial number of repetition nro, and control parameter » for
threshold value, need to be decided by users. Smaller « and S are better choices because
they result in fewer statistical errors in the variable screening method. However, when
they are too small, very large nr could be required to maintain the error level specified by
aand g in Eq. (3.23). Hence, 0.025 to 0.05 would be a reasonable choice for them. For
nro and ns, a small number could be chosen to reduce computational cost. However, a
small value of nro and ns will rapidly increase nr to maintain the error levels. Hence, an
appropriately large number should be used; they are set to 50 or 100 in the numerical
examples. The parameter y in Eq. (3.22) is for user control of the threshold value that
determines important variables. In the numerical examples, y is initially set to 1.0, and

the variable screening procedure is performed. Then, the ratio of the sum of partial
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output variances of selected variables to that of all random variables, which is an
estimation of the captured output variance, is checked. If the ratio is less than 85%, y is
lowered to achieve 85%. As explained before, the partial output variance is an
approximation method, which is why the ratio of 85% may not mean that 85% of total
output variance is actually captured in the selected variables. However, it would be a
good estimation with affordable cost because it does not require many design of

experiments (DoE) samples or full-dimensional surrogate models.

4.2 Analytical Examples

Hartmann 6-D and Dixon-Price 12-D are well-known analytical functions. They
are high-dimensional as well as nonlinear, so they are tested for the variable screening
method. Constant terms are added to the original functions to make both functions active
(i.e., G(x) = 0) at the mean point of the input random variables. Note that adding a
constant term does not change the character of the functions. Input random variables
have a variety of marginal distribution types and copula types, so the analytical examples
can reveal the effects of different distribution types and correlations.

The functions are tested with three different methods. The first is the developed
variable screening method. As mentioned before, parameters of o = #=0.025, nro = ns
=100 and y= 1.0, and 1-D surrogate model with quadratic interpolation are used. y is
initially set to 1.0 and lowered when necessary. The second is screening with accurate
partial output variances using the analytical functions directly and 1,000,000 realizations
of random variables. The calculated partial output variances are used for reference.
When a performance measure is a linear function (G = ZaiXi) of the input random
variables Xi’s, the output variance is afoy , where o is a variance of Xi. Hence, the
partial output variance can be linearly approximated as ooy with a design sensitivity

(gradient) «i and input variance aii. Furthermore, an important variable might be
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selected based on the partial output variances calculated with the sensitivity-variance

method, and it is applied to the analytic functions for comparison.

4.2.1 Hartmann 6-D

The first analytical example is the Hartmann 6-D, and a constant term is added as

explained earlier. The analytical expression is shown as (Dixon and Szeg6, 1978)

G(X) = —Zq: a exp(—zm: b, (X, - dij)zj+3.3082

=L

where 0 <Xi<1,m=6,g=4and

a=[10 12 30 32],

100 30 170 35 1.7 80
0.05 100 170 01 8.0 140

30 35 17 100 17.0 80
170 80 0.05 100 0.1 140

0.1312 0.1696 0.5569 0.0124 0.8283 0.5886
0.2329 0.4135 0.8307 0.3736 0.1004 0.9991

0.2348 0.1451 0.3522 0.2883 0.3047 0.6650 |

0.4047 0.8828 0.8732 0.5743 0.1091 0.0381

(4.1)

(4.2)

(4.3)

(4.4)

Information about input random variables is listed in Table 4.1. Input random variables

have four different marginal distribution types: normal, lognormal, gamma, and Weibull.

Xs and Xe are correlated with the Clayton copula and Kendall’s tau of 0.5.
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Table 4.1 Input Random Variables for Hartmann 6-D Example

Random Distribution Correlation
variable type Mean STREV (Copula)
X1 Normal 0.20 0.009 -
X2 Lognormal 0.15 0.007 -
X3 Gamma 0.48 0.015 -
X4 Weibull 0.28 0.014 -
Xs Normal 0.31 0.014 Clayton
Xe Weibull 0.68 0.013 =05

The result of variable screening is shown in Table 4.2. The design sensitivity
(gradient) of the Hartmann 6-D in Eq. (4.1) at the input mean point is shown in the
second column, and the third through fifth columns show partial output variances using
the sensitivity-variance method, the variable screening method, and the accurate method,
respectively. As the variable screening method calculates partial output variances nr
times, the result is the mean value of the calculated partial output variances. In each
method, important variables are marked with bold font. It can be seen that the variable
screening method finds the same variables as the accurate method, whereas the
sensitivity-variance method misses X4 and Xs. The sixth and seventh columns are the
ratios of partial output variances using the sensitivity-variance method and the variable
screening method to the accurate partial output variances, respectively. It is evident that
the sensitivity-variance method cannot estimate the partial output variances accurately,
while the variable screening method does. Overall, the variable-screening method
outperforms the sensitivity-variance method. Hence, it is better to use at least quadratic

approximation for the 1-D surrogate model to calculate partial output variances.
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Random | Design Sensitivity | Variable Sens.-Var. | Var. Scr.
variable | sensitivity | -variance | screening Accurate [Accurate | /Accurate
X1 —5.88E—-02 | 2.80E—07 | 2.24E—06 | 2.25E—06 12.4% 99.6%
X2 —1.36E—-02 | 9.04E—09 | 6.12E—07 | 6.17E—07 1.5% 99.2%
X3 7.15E-02 | 1.15E-06 | 1.11E-05 | 1.07E—05 10.7% 103.7%
X4 2.63E-01 | 1.35E-05 | 8.88E—05 | 8.67E—05 15.6% 102.4%
Xs —1.36E-01 | 3.61E-06 | 1.86E—04 | 1.86E—04 1.9% 100.0%
Xs 1.17E+00 | 2.29E—04 | 1.65E—04 | 1.66E—04 138.0% 99.4%
Selected 2.29E-04 | 4.40E-04 | 4.39E-04 - -
All 2.48E-04 | 4.54E-04 | 4.52E-04 - -
Selected / All 92.3% 96.9% 97.1% - -
Criterion (uo) 4.13E-05 | 7.42E-05 | 7.54E—05 - -

In Table 4.2, the bottom four rows show more information about each method.

The first and second rows are the sums of partial output variances of selected variables

and all variables, respectively. The third row shows the ratio of the first row to the

second row. The last row is w0, which is the criterion used to select important variables.

In the variable screening method, the important variables (X4, Xs and Xg) are determined

to be larger than wo by hypothesis testing. The sensitivity-variance method and the

accurate method select important variables if the variable has partial output variance

larger than wo. In the third row, the ratio for the variable screening method is larger than

85%, so y is the initial value of 1.0, and equivalent .o is applied for other methods. The

sensitivity-variance method estimates that 92.3% of output variance is contained in Xs

only. This is a very poor estimation, as only 36.7% (=1.66E—04/4.52E—04) of output

variance is captured in Xg according to the result of the accurate method. On the other
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hand, the variable screening method estimates that 96.9% of output variance is contained
in X4, Xs, and Xe, and this is very accurate compared to the 97.1% determined by the
accurate method.

However, the total and captured output variances in Table 4.2 are approximations
using the partial output variances, and the correlation term is not considered, as explained
in Section 3.2.1. Having the analytical expression of the Hartmann 6-D example in Eq.
(4.1), true total output variance induced by multiple input random variables can be
calculated as well. The true total output variance is calculated using 1,000,000
realizations of all input random variables, and the calculated value is 4.23E—04, as shown
in Table 4.3. Recalling the approximated result in Table 4.2, the variable screening
method (4.54E—04) and the accurate method (4.52E—04) well approximate the true total
output variance, whereas the sensitivity-variance method (2.48E—04) is not able to do so.
In Table 4.3, true captured output variance by the selected variables is also calculated.

To calculate the true captured output variance, the realizations, which are generated to
calculate the true total output variances, are used. Among them, the realizations of the
screened-out variables are fixed at their mean values. Then, the variance of the Hartmann
6-D is calculated using the modified realizations. The true captured output variance in Xe
IS 1.66E—04, which is the same as the partial output variance of X¢ found by the accurate
method (see Table 4.2). Hence, the sensitivity-variance method captures only 39.2%
(1.66E—04/4.23E—04) of the true total output variance in its selection Xs. This will lead a
reliability problem to estimate the probability of failure incorrectly. By contrast, the
captured output variance in X4, Xs, and Xe is 4.10E—04, which is 96.9%
(4.10E—04/4.23E—04) of the total output variance. This indicates that a reliability
problem could be solved accurately utilizing X4, Xs, and Xs. From this example, it can

be seen that the variable screening method works as it is intended.
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Table 4.3 True Total and Captured Output Variances of Hartmann 6-D Example

Sensitivity Variable screening True total
-variance & accurate output variance
Selected variables Xe (1-D) X4, Xs, X6 (3-D) All (6-D)
Captured output 1.66E—04 4.10E-04 4.23E-04
variance
Ratio to total out. var. 39.2% 96.9% 100.0%

4.2.2 Dixon-Price 12-D

The second analytical example is the Dixon-Price 12-D, and again a constant term

is added to its original function. The analytical expression is shown as (Lee, 2007)
G(X) = (X, -1)? +Zm:i (2X7? =X, ,)*-3.5575x10"° (4.5)
i=2
where —10 <x; <10,i=1, 2, ..., mand m = 12. Input random variables shown in Table
4.4 are used for the test. They have five different marginal distribution types of normal,
lognormal, Weibull, Gumbel, and gamma. X1 and Xz are correlated with the Frank
copula and Kendall’s tau of 0.7. Also, Xs and Xe are correlated with the FGM copula and
Kendall’s tau of 0.2.

The test result of the Dixon-Price 12-D example is shown in Table 4.5, and
selected variables in each method are marked with bold font. In this example, the value
of y is lowered to 0.7 to contain at least 85% of output variance in the selected variables.
And it is shown that 86.6% of output variance is estimated using the variable screening
method in Table 4.5. Design sensitivities with respect to X9 ~ X12 are zero, and
accordingly the partial output variances of Xo ~ X12 using the sensitivity-variance method

are zero. Hence, the sensitivity-variance method misses X9 and X12 even though they
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have large partial output variances. Moreover, the other partial output variances using
the sensitivity-variance method have poor accuracy compared to the accurate method (see
the sixth column in Table 4.5). Hence, X> and X3 are selected instead of Xe even though
Xe actually has larger partial output variance than X> and X3. On the contrary, the
variable screening method reasonably estimates partial output variances and correctly
identifies important variables compared to the accurate method. Therefore, it is
confirmed that at least quadratic approximation is needed for the 1-D surrogate model to

calculate partial output variances.

Table 4.4 Input Random Variables for Dixon-Price 12-D Example

Random Distribution Correlation
variable type Mean STDEV (Copula)
X1 Normal 1.00 0.025 Frank
X2 Normal 0.71 0.02 7=0.7
X3 Lognormal 0.59 0.02 -
X4 Lognormal 0.55 0.02 -
Xs Weibull 0.52 0.02 FGM
Xe Weibull 0.51 0.02 7=0.2
X7 Gumbel 0.51 0.015 -
Xs Gumbel 0.50 0.015 -
Xo Normal 0.50 0.015 -
X10 Normal 0.50 0.01 -
X11 Gamma 0.50 0.01 -
X12 Gamma 0.50 0.015 -
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Random | Design | Sensitivity | Variable Sens.-Var. | Var. Scr.
variable | sensitivity | -variance | screening Accurate [Accurate | /Accurate
X1 —3.28E-02 | 6.72E—07 | 7.95E—06 | 7.71E—06 8.7% 103.1%
X2 1.76E—01 | 1.24E-05 | 1.41E-04 | 1.35E-04 9.2% 104.4%
X3 —3.15E-01 | 3.98E—05 | 1.56E—04 | 1.62E—04 24.6% 96.3%
X4 3.56E-01 | 5.07E—-05 | 2.95E—04 | 2.81E—04 18.0% 105.0%
Xs —1.94E-01 | 1.50E—05 | 4.98E—04 | 4.45E—04 3.4% 111.9%
Xe —1.38E-01 | 7.61E-06 | 6.22E—04 | S5.51E—-04 1.4% 112.9%
X7 4.51E-01 | 4.58E—-05 | 5.27E—04 | 5.57E—-04 8.2% 94.6%
Xs —3.20E-01 | 2.30E-05 | 3.10E—04 | 3.55E-04 6.5% 87.3%
Xo 0.00E+00 | 0.00E+00 | 2.20E—04 | 2.15E—04 0.0% 102.3%
X10 0.00E+00 | 0.00E+00 | 5.31E-05 | 5.25E-05 0.0% 101.1%
X11 0.00E+00 | 0.00E+00 | 6.42E-05 | 6.32E-05 0.0% 101.6%
X12 0.00E+00 | 0.00E+00 | 2.45E—04 | 2.39E—04 0.0% 102.5%
Selected 1.87E-04 | 2.72E-03 | 2.64E—03 - -
All 1.95E-04 | 3.14E-03 | 3.06E—03 - -
Selected / All 95.9% 86.6% 86.3% - -
Criterion (uo) 1.14E—05 | 1.68E—-04 | 1.79E—04 - -

Using Eq. (4.5), the true total and captured output variances of Dixon-Price 12-D

example are calculated as shown in Table 4.6. In Table 4.5, the variable screening

(3.14E-03) and the accurate methods (3.06E—03) reasonably approximate the true total

output variance (3.30E—03 in Table 4.6), while the sensitivity-variance method

(1.95E—04) cannot. In Table 4.6, the true captured output variance by selected variables

using the sensitivity-variance method is only 2.15E—03, which is 65.2% of the true total

output variance. By contrast, the output variance of 2.80E—03 is contained in X4 ~ Xg
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and X12, which indicates that 84.8% of the true total output variance is captured. Hence,
it is verified that the variable screening method correctly finds the important variables of
the Dixon-Price 12-D example. Through analytical examples, it is shown that the partial
output variance is a well-performing measure for variable screening purposes, and the
proposed variable screening method successfully finds important variables as it is

intended.

Table 4.6 True Total and Captured Output Variances of Dixon-Price 12-D Example

Sensitivity Varlqble True total output
. screening & .
-variance variance
accurate
- X2 ~ X5, X7, Xg X4 ~ Xo, X12 i
Selected variables (6-D) (7-D) All (12-D)
Captured output 2.15E-03 2.80E—03 3.30E-03
variance
Ratio to total out. var. 65.2% 84.8% 100.0%

4.3 Engineering Example

A car noise, vibration, and harshness (NVH) and crash safety problem is
considered to demonstrate the performance and efficiency of the proposed method. The
problem includes full frontal impact, 40% offset frontal impact, and NVH as constraints.
There are a total of 11 performance measures as shown in Table 4.7: nine safety measures

and two NVH measures.
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Mode Function Value Feasibility decision
G Chest G
Full frontal impact
G2 Crush displacement
Gs Brake pedal
Gy Footrest
Safety Gs Left toepan
40% offset impact Gs Center toepan < Baseline;
Gr Right toepan
Gs Left IP
Go Right IP
Gio Torsion mode
NVH
Gu Vertical bending mode

In this example, it is assumed that the only source of uncertainty is the thickness

variables are only for NVH measures.

of the body plates. The 44 random variables shown in Table 4.8 are used to represent the
thicknesses. All random variables follow normal distribution and are statistically
independent. The baseline design d® is the mean vector of the 44 random variables, and
there is no random parameter in this example. Among those random variables, six
random variables (X1 to Xs and Xg) are common variables for both safety and NVH

measures, two (Xs and X7) are variables only for safety, and the other 36 random

This problem requires three and a half hours for the impact dynamic analysis for

crash safety and the modal analysis for NVH. Thus, the actual analysis takes too much

time to test the proposed method thoroughly. Ford Motor Company provided full-
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dimensional global (considering the entire design domain) surrogate models so that we
could use them to demonstrate the proposed method of variable screening. The full-
dimensional surrogate models may not be accurate, since 44-D is too high to create
accurate surrogate models, especially for RBDO. However, to test the proposed method
of variable screening, the responses from the 44-D global surrogate models are treated as
true responses in this example. The maximum dimension at which accurate surrogate
models can be generated depends on the computational power and nonlinearity of a given
problem. In this study, the dynamic Kriging (DKG) method (Zhao et al., 2011) is used
for an accurate surrogate model, and 18-D is targeted as the maximum degrees of
freedom of DKG models. The lowa-Reliability-Based Design Optimization (I-RBDO)

code (Choi et al., 2012) has been used to generate DKG models and carry out RBDO.
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Table 4.8 Input Random Variables

RVs Dist. o ST d | av | rRvs Dist. o ST

d- | dv
type DEV type DEV

X1 | Normal | 1.9 | 0.05 | 1.5 | 23 | XNz | Normal | 0.9 | 0.03 | 0.7 | 1.1

X2 Normal | 1.91 | 0.05 | 1.5 | 23 | XN2 | Normal | 1.1 003 | 08| 14

X3 Normal | 251 | 0.06 | 20 | 3.0 | XN3 | Normal |155| 005 | 1.2 | 1.9

X4 | Normal | 24 | 0.06 | 19 | 29| XNs | Normal | 09 | 0.03 | 0.7 | 1.1

Xs | Normal | 255 | 0.06 4 2.0 | 3.1 | XNs | Normal | 1.5 003 |12 | 138

Xe | Normal | 225 | 0.06 | 1.8 | 27 | XNg | Normal | 1.2 | 003 | 09 | 15

X7 | Normal | 225 | 0.06 4 1.8 | 27 | XN7 | Normal | 1.1 4 003 | 08 | 14

Xs Normal | 1.5 | 003 | 1.2 | 1.8 | XNg | Normal |152| 005 | 1.2 | 1.9

X100 | Normal | 1.28 | 0.03 | 0.9 | 1.6 | XNg | Normal | 0.8 | 0.03 | 06 | 1.0

X121 | Normal | 1.4 | 0.03 | 1.0 | 1.8 | XN | Normal | 0.8 | 0.03 | 06 | 1.0

X12 | Normal | 1.1 | 0.03 | 0.8 | 1.4 | XNz | Normal | 1.2 | 0.03 | 09 | 15

X1z | Normal | 2.2 | 0.06 | 1.7 | 2.7 | XNi2 | Normal | 0.75| 0.03 | 0.6 | 0.9

X14 | Normal | 1.5 | 0.03 | 1.2 | 1.8 | XN1z | Normal | 0.75| 0.03 | 06 | 0.9

X1s | Normal | 1.25 | 0.03 | 0.9 | 1.6 | XN1s | Normal | 0.75 0.03 | 0.6 | 0.9

X1 | Normal | 25 | 0.06 | 20 | 3.0 | XN15 | Normal | 1.0 | 0.03 H 0.8 | 1.2

X1z | Normal | 2.0 | 0.05 | 15 | 25 | XNss | Normal | 1.14 0.03 | 09 1.4

Xig | Normal | 1.4 | 0.03 | 1.1 | 1.7 | XN17 | Normal | 1.2 | 0.03 | 09 | 15

X20 | Normal | 1.22 | 0.03 | 0.9 | 1.5 | XN1g | Normal | 1.4 | 003 | 1.1 | 1.7

X23 | Normal | 0.75 | 0.03 | 0.6 | 1.0 | XN1g | Normal | 1.2 | 0.03 | 09 | 15

X24 | Normal | 1.9 | 005 | 1.5 | 23 | XN | Normal | 1.4 | 003 | 1.1 | 1.7

X2s | Normal | 0.65 | 0.03 | 0.5 | 0.8 | XN2; | Normal | 213 0.06 | 1.7 | 2.6

X26 | Normal | 0.85 | 0.03 A 0.6 | 1.1

X27 | Normal | 0.85 | 0.03 W 0.6 | 1.1
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4.3.1 Variable Screening

At the baseline design d®, which is the initial design as shown in Table 4.8, all 11
performance measures in Table 4.7 are active. That is, the value of every performance
measure at the baseline design is the same as the baseline values, with G? = Baselinei, i =
1~11. Therefore, the proposed variable screening method is performed for the problem at
the baseline design. The number of samples ns, initial number of repeated calculations
nro, significance level «, false negative rate g, and threshold value y are set as 50, 50,
0.05, 0.05, and 1.0, respectively. Four hundred eighty-four (44 design variables x 11
performance measures) 1-D surrogate models with quadratic interpolation are generated
using 89 DoE analyses (i.e., simulation samples). It is noted that 11 values of
performance measures are obtained from one DoE analysis. The results of partial output
variances V, are listed in Table 4.9 and Table 4.10 for every performance measure. The
partial output variances of the important variables for each performance measure are
marked with bold font. It is noted that only partial output variances of X1~Xg are listed in
Table 4.9 since G1~Gg are only a function of X1~Xg as the variable screening method
identified the partial output variances to be zero for other random variables. In Table
4.10, Xe¢ and X7 have zero partial output variances as Gio and G11 are not functions of Xs
and X7. In the last three rows of Table 4.9 and Table 4.10, the sums of partial output
variances of selected variables, the sums of all partial output variances, and their ratios
are listed. As explained in previous sections, this is the estimated ratio between the
captured output variance in selected variables to the total output variance. It is estimated
that a minimum of 90.3% of the total output variance is captured in the selected variables.
In total, 14 random variables: X1, X2, X3, X4, Xs, Xs, X7, X, X10, X20, X23, X25, X26, and
XN, are selected as important variables. Accordingly, 14 design variables, which are the

means of the selected random variables, are considered as important design variables.
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Table 4.9 Partial Output Variances V. (G1~Go)

RVs G G2 Gs Gy Gs Gs Gy Gs Go
X1 2.37E-02 | 3.75E+00 | 4.06E+01 | 1.11E+01 | 1.94E+00 | 1.73E+00 | 6.21E—01 | 3.45E—01 | 5.75E—01
X2 1.88E-02 | 1.01E+00 | 3.55E—01 | 1.86E+00 | 2.07E+00 | 2.06E+00 | 1.09E+00 | 4.03E-01 | 2.69E-01
X3 5.08E-05 | 1.76E-02 | 1.05E+01 | 9.74E+00 | 5.95E+00 | 4.38E+00 | 2.00E+00 | 2.37E-01 | 2.24E—-02
X4 1.66E-04 | 9.27E-02 | 3.91E+00 | 1.79E+00 | 2.65E-01 | 6.65E-02 | 1.73E-03 | 4.78E-03 | 9.65E-03
Xs 1.12E-04 | 1.37E-04 | 2.74E+00 | 2.23E+00 | 4.90E—01 | 9.11E-01 | 9.30E-01 | 1.79E-01 | 7.94E-02
X6 4.58E-05 | 2.77E+00 | 1.64E-01 | &8.14E-02 | 8.18E-01 | 1.60E-01 | 1.70E—01 | 3.95E—02 | 3.27E-02
X7 2.32E—-03 | 1.34E-01 | 1.91E-01 | 1.50E-01 | 2.75E+00 | 1.71E+00 | 5.66E—01 | 1.10E—01 | 2.77E—01
Xs 1.23E—03 | 6.28E-02 | 4.39E-02 | 3.02E-01 | 5.35E-01 | 545E-01 | 3.27E-01 | 6.25E—-02 | 4.87E—02

Selected | 4.61E-02 | 7.53E+00 | 5.78E+01 | 2.67E+01 | 1.46E+01 | 1.13E+01 | 5.70E+00 | 1.38E+00 | 1.28E+00

All 4.64E—02 | 7.84E+00 | 5.85E+01 | 2.73E+01 | 1.48E+01 | 1.16E+01 | 5.71E+00 | 1.38E+00 | 1.31E+00

Selec./All 99.4% 96.0% 98.8% 97.8% 98.6% 97.4% 99.8% 100.0% 97.7%
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Table 4.10 Partial Output Variances V, (Gio and Gu11)

RVs Gio Gu RVs Gio Gu RVs Guo Gu
X1 1.30E—03 | 1.48E—03 X17 4.24E-07 | 2.01E-04 XNs 2.06E-05 | 5.45E-05
X2 4.39E-05 | 3.44E-05 X18 9.71E-06 | 3.33E—05 XNg 1.61E-06 | 1.89E—05
X3 8.95E—04 | 3.05E-04 X20 2.21E-03 | 1.84E—03 XN10 5.11E-06 | 1.83E-06
X4 8.74E—05 | 2.63E—05 X23 2.67E-03 | 1.13E-03 XN11 1.56E-07 | 1.12E—-07
Xs 3.06E-04 | 4.23E-05 X24 2.35E-05 | 6.89E—05 XN12 1.83E-06 | 3.10E—05
X6 0 0 X25 4.85E-04 | 7.31E-03 XN13 1.69E-07 | 8.19E—07
X7 0 0 X26 4.59E-03 | 1.06E—02 XN14 9.08E—08 | 3.75E—05
Xs 5.56E—04 | 1.89E-04 Xo7 3.43E-05 | 3.76E-04 XN1s 1.84E-06 | 1.66E—05
X10 5.49E—04 | 3.87E-04 XN1 9.33E-05 | 6.38E—03 XN1e 435E-08 | 2.88E—08
X11 3.32E-05 | 2.05E-04 XN2 4.49E—07 | 7.48E—05 XN17 3.24E-07 | 1.84E-06
X12 9.35E-05 | 3.98E—04 XNs3 9.59E-08 | 2.00E—-05 XN1s 1.04E-07 | 1.18E—07
X13 7.23E-06 | 3.82E-04 XNy 6.04E-08 | 8.36E—05 XN19 3.03E-08 | 3.37E—07
X14 5.76E—07 | 1.17E-05 XNs 2.60E-07 | 1.42E-07 XN2o 2.06E-07 | 2.98E—06
X15 1.16E-07 | 1.13E-05 XNe 1.29E-07 | 2.22E-07 XN21 2.44E-07 | 9.41E-06
X16 9.14E-08 | 1.63E—06 XN7 9.46E-08 | 7.94E—-06
Selected 1.33E-02 | 2.87E-02
All 1.40E-02 | 3.18E—02
Selec./All 95.0% 90.3%
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Sensitivity-variance method introduced in Section 4.2 is applied to performance

measure Gs, and the result is shown in Table 4.11. Selected random variables for Gs are

X1~X3 and X5~Xg out of X1~Xg. Among X1~Xs, variables X3~X7 have the largest

standard deviation of 0.06. However, X4 is not selected among them because it has small

design sensitivity compared to others. Here, the design sensitivities are calculated at the

design point using the forward finite difference method (FDM) with 0.1% perturbation.

By contrast, Xg is selected as an important variable even though it has smallest standard

deviation of 0.03. Again, this is because it has relatively large sensitivity and induces

large output variances.

Table 4.11 Result of Sensitivity-Variance Method in Gs

STDEV Design Partial Output

RVs (o) Sensitivity (¢;) | Variance (oo )
X1 0.05 27.9105 1.95E+00

X2 0.05 29.2723 2.14E+00

X3 0.06 —40.7490 5.98E+00

X4 0.06 8.7917 2.78E-01

Xs 0.06 -11.6078 4.85E-01

X6 0.06 14.1289 7.19E-01

X7 0.06 27.8533 2.79E+00

Xs 0.03 24.3000 5.31E-01

Interestingly, the partial output variances using the sensitivity-variance method of

Gs shown in Table 4.11 are close to the result shown in the sixth column of Table 4.9. In
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fact, the same variables as those in the variable screening method will be selected by
using the sensitivity-variance method throughout all 11 constraints. However, the
sensitivity-variance method has the possibility of choosing undesirable variables as
shown in the analytical examples in Section 4.2. In Figure 4.1, the shape of Gs when
each Xi is random is shown. It is easily anticipated that the design sensitivity of Gs with
respect to Xi could be very small or even zero so that the sensitivity-variance method may
provide inaccurate partial output variance; this can be prevented if the variable screening

method is used.

195 190 200 174
190
185 190 172
185
180
o 180 o’ o’ 180 o° 170
175
175 d
170 168
170 170 d
d d
165 ————— 165 160 166
1.5 2 2.5 1.5 2 2.5 2 2.5 3 1 2 3
Xy X, Xg X,
185 190 190 180
185
180 185 175
180
180
o° 175 o’ o’ 175 ©° 170
175 d
4 170 g
170 165
170 165
d
165 ———— 165 160 160
2 3 4 1 2 3 1 2 3 1 15 2
Xg Xg X, Xg

Figure 4.1 Shape of Gs when Each X; Is Random
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Table 4.12 Partial Output Variance of Xz in Gg at DDO Optimum Design

Desian Partial
Method Perturbation | Selection SIgr output Accuracy
sensitivity )
variance

Forward, 1% No —5.83E+00 8.49E—02 56.6%

Forward, 0.5% Yes —6.30E+00 9.94E-02 66.3%
variance Central, 1% Yes —6.79E+00 | 1.15E-01 76.7%

Central, 0.5% Yes —6.78E+00 1.15E-01 76.7%

Central, 0.1% Yes —6.78E+00 1.15E-01 76.7%
Variable i Yes i 1.51E-01 | 100.7%
screening
Accurate - Yes - 1.50E-01 100.0%

The sensitivity-variance method requires accurate design sensitivity. In practical
engineering problems, design sensitivity might be calculated using FDM. To use FDM, a
user determines perturbation method (forward, backward, or central) and perturbation
size, and the result of the sensitivity-variance method could depend on the user’s choice.
In Table 4.12, partial output variance of Xz in Ge at deterministic design optimization
(DDO) optimum design with various methods is shown. It can be seen that X> is not
selected as an important variable when design sensitivity is calculated using forward
FDM with 1% perturbation. The partial output variance is only 56.6% of that found
using the accurate method with 100,000 realizations of X>. To obtain more accurate
design sensitivity with forward FDM, small perturbation is required as shown in
Table 4.12. However, small perturbation does not always provide accurate design
sensitivity, and determining appropriate perturbation size would require extra DoE

samples. Central FDM provides more accurate design sensitivity, and it is insensitive to
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perturbation size. However, the partial output variance with central FDM sensitivity
shows at most 76.7% accuracy compared to the accurate method. It is noted that the
variable screening method would not require perturbation size determination. Moreover,
a user can perform the proposed variable screening method using only one more DoE
sample than the sensitivity-variance method with central FDM.

Since we have 44-D global surrogate models for this example, GSA can be
carried out to verify the effectiveness of the proposed method. Among various GSA
methods, the global sensitivity index method, which can identify the global effect of the
variables of interest on the output, is used here. The main strength of the global
sensitivity index method is that it can find interactions between all variables (not
statistical correlation between random variables). All random variables are assumed to
follow uniform distribution in their corresponding design domain of d- and d¥, and
global sensitivity indices are calculated using the Monte Carlo simulation (MCS) method
with 1 million MCS samples (Sobol, 2001). There are many global sensitivity indices in
this 44-D problem; the total sensitivity index S/ is used for variable ranking and
screening. The total sensitivity index S is a “total influence of the i-th random
variable” to the output. That is, it indicates the main effect plus interactions of the i-th
random variable with other random variables (Chen et al., 2005). The results are listed in
Table 4.13 and Table 4.14. To identify important random variables, the mean value of
S is calculated for each constraint, and the random variable, which yields larger S
than the mean value, is selected as an important variable and marked in bold font in these
tables. In Table 4.13, S only for X1 ~ Xs are listed because S;** for other variables are
zero due to the fact that G1 ~ Gy are functions of X1 ~ Xs. Also, the sum of S;* for the
selected random variables, the sum of S for all random variables, and their ratios are

listed in the last three rows, respectively.
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Table 4.13 Global Sensitivity Indices S (G1~Go)

RVs G G2 Gs Gy Gs Gs Gy Gs Go
X1 4.16E—-01 | 3.84E-01 | 5.23E-01 | 2.68E—01 | 1.74E-01 | 1.89E-01 | 2.07E—01 | 2.56E—01 | 4.35E—01
X2 3.46E-01 | 1.18E-01 | 1.04E-01 | 1.88E-01 | 1.98E-01 | 2.09E-01 | 1.66E—01 | 2.62E—01 | 2.07E—01
X3 7.83E-03 | 5.75E-03 | 3.28E—01 | 5.07E-01 | 5.18E-01 | 4.97E-01 | 4.92E-01 | 2.69E—01 | 4.96E—02
X4 1.89E-02 | 2.23E—02 | 7.92E—02 | 1.34E—01 | 1.25E—01 | 1.38E-01 | 1.42E-01 | 7.38E-02 | 2.87E—-02
Xs 7.50E-03 | =7.22E-04 | 1.40E—01 | 2.10E—01 | 1.53E—01 | 1.76E—01 | 1.78E-01 | 1.90E-01 | 9.10E-02
X6 5.65E-02 | 2.67E-01 | 2.08E—02 | S.01E-02 | 1.11E-01 | 1.15E—01 | 1.67E—01 | 5.13E—02 | 2.74E—02
X7 8.13E-02 | 5.65E-03 | 1.77E-02 | 4.52E—02 | 1.59E—01 | 1.60E—01 | 1.76E—01 | 6.73E-02 | 1.73E-01
Xs 3.23E-02 | 2.06E-02 | 4.02E-03 | 2.33E-02 | 3.82E—02 | 4.09E—02 | 5.21E—02 | 7.13E—02 | 6.14E—02

Selected | 9.32E-01 | 8.12E-01 | 1.17E+00 | 1.40E+00 | 1.48E+00 | 1.52E+00 | 1.58E+00 | 1.24E+00 | 1.07E+00

All 9.66E-01 | 823E-01 | 1.22E+00 | 1.43E+00 | 1.48E+00 | 1.52E+00 | 1.58E+00 | 1.24E+00 | 1.07E+00

Selec./All 96.5% 98.7% 95.9% 97.9% 100.0% 100.0% 100.0% 100.0% 100.0%
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Table 4.14. Global Sensitivity Indices S/ (G0 and G11)

RVs Guo Gu RVs Guo Gu RVs Guo Gu
X1 1.05E—01 | 7.09E—02 X17 3.30E-04 | 1.46E—-02 XNs —8.85E—04 | —1.34E-03
X2 1.01E-03 | 2.38E—03 X18 —4.77TE—04 | —2.50E—-04 XNg 8.54E—04 | —1.71E-03
X3 5.72E-02 | 1.01E-02 X20 2.07E-01 | 9.17E—02 XN10 1.28E-04 | —1.07E—04
X4 8.66E—03 | 2.65E-03 X23 1.34E—01 | 3.57E—02 XN | —2.72E-04 | —2.85E—05
Xs 3.29E-02 | 5.69E-03 X24 —1.60E-03 | —=8.39E—04 | XNi2 | —1.51E-04 | —1.94E-04
X6 0 0 X25 1.12E-02 | 9.79E—-02 XNz | =5.24E-05 | 1.59E-04
X7 0 0 X26 2.96E-01 | 3.80E—01 XN | —3.88E-05 | -6.91E—-05
Xs 4.73E—02 | 5.89E-03 Xar 6.04E-03 | 2.38E—02 XN1s 1.20E-04 | 4.59E—-04
X10 5.98E—-02 | 1.99E-02 XN1 5.62E-03 | 1.65E—01 XN1e 8.87E—05 | 2.85E-04
X11 3.86E-03 | 1.67E—02 XN2 —1.11E-04 | 2.31E-03 XNi17 | =6.09E-05 | —-3.61E-04
X12 1.34E-02 | 2.88E—02 XN3 1.13E-04 | 1.33E-03 XNig | —1.12E-05 | —=9.18E-05
X13 3.20E-04 | 1.50E—02 XNy 1.54E-04 | —2.50E—03 | XNig 1.10E-04 | 1.23E—-03
X14 2.24E-04 | —4.65E—04 XNs | =2.96E—04 | 9.10E—04 XN2o | —1.67E—04 | —8.38E—04
X15 —1.33E-04 | 1.36E-03 XNe 2.34E-04 | —2.32E-05 | XNo21 6.77E-05 | —6.44E—04
X16 —1.94E-04 | 2.42E-03 XN7 —1.61E-05 | —3.27E-04
Selected 9.39E-01 | 8.94E-01
All 9.87E—01 | 9.87E—01
Selec./All 95.1% 90.6%
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Using the global sensitivity index method, 16 random variables are selected as
shown in Table 4.15. Those 16 random variables include all 14 random variables
selected using the proposed method as shown in Table 4.15. Moreover, if we limit it to
14 random variables to be selected, X12 and X27 will not be selected as they have the least
S among the selected variables for G11 as shown in Table 4.14. Thus, the selected 14
random variables by both methods are identical. The ratio between the sensitivity indices
of selected variables and all variables has no physical meaning. However, it is an
indicator that shows how much variance is captured by the selected random variables.
The results are quite similar to those of the proposed method as shown in Tables 4.9 and
4.10 and Tables 4.13 and 4.14, respectively. Hence, it is demonstrated that the proposed
variable screening method is quite effective even though it does not require global

surrogate models like the global sensitivity index method.

Table 4.15 Selected Random Variables

Method Selected variables

X1, X2, X3, Xa, Xs, X6, X7, Xs, X10, X20, X23,

Proposed method Xos, X26, XN1 (14 RVS)

Global sensitivity | X1, X2, X3, X4, X5, X6, X7, Xg, X10, X12, X20,
index Xa3, X25, X26, X27, XN1 (16 RVS)
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4.3.2 Reliability-Based Design Optimization
For this example, RBDO is formulated as
minimize  Weight(d)

subjectto  P[G}(X) > Baseline,]<10%, i=1,---,11. (4.6)
d"<d<d’, deR*and XeR"

For a comparison study, we considered three cases: (1) a set of 14 random variables is
selected based on experience without using the proposed variable screening method, (2)
another set of 14 random variables is selected using the proposed variable screening
method as shown in Section 4.3.1, and (3) in addition to the 14 random variables selected
in case 2, four more random variables are selected using the cost function sensitivity for a
total of 18 design variables to test the effectiveness of the proposed variable screening
method and the accuracy of the DKG generated by I-RBDO. The selected design

variables are listed in Table 4.16.

Table 4.16 Selected Random Variables for RBDO

Cases Common selection Different selection

(1) Based on XNo, XNio. XN11

experience
X1, X2, X3, Xs, Xs, Xs,
(2) Variable screening | X7, Xs, X20, X25, XN1 X10, X23, X26
(11 RVs)
(3) Variable screening X10, X23, X26
+ Cost Function + XN4, XNg, XN10, XN11
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Because the cost function, which is the weight in this problem, is a function of design
variables d, not random variables X, the function is deterministic. Therefore, the design
sensitivity of the cost function with respect to the design variable is calculated by the
FDM, and the four design variables (and related random variables XN4, XNg, XN10, and
XN11) that show the largest sensitivity among the unselected design variables are chosen.
Reliability-based design optimization (RBDO) is carried out with three sets of selected
random variables. The optimum design results are summarized in Table 4.17. The bold
font indicates chosen design variables, and others are fixed at the baseline design value.
Also, probabilities of failure, cost function values, and design iteration details are listed in
Table 4.18. All RBDOs are carried out using the sampling-based RBDO method in I-
RBDO with 500,000 MCS samples. For the three cases, DKG surrogate models are
created, using the DoE sample responses obtained from the 44-D global surrogate
models, which are treated as true responses, for RBDO. In addition, the full-dimensional
RBDO is performed as well using the 44-D surrogate models. The 44-D RBDO result is
treated as the true RBDO optimum and used for the purpose of validation of RBDO
results obtained for the three reduced-dimensional cases.

Indeed, the optimum design values for d1~dg are very close to the full-
dimensional 44-D case, as shown in Table 4.17, which shows that the generated DKG
surrogate models are accurate. In the three cases, the random variables X1~Xg are
selected because they have large partial output variance for performance measures
G1~Go. This means that they contribute a large portion of the output variance. Hence,
finding optimum values for them is the most effective way to reduce the probabilities of
failure of G1~Gy. Similarly, d22 (corresponding to X26) moves to the upper bound of 1.1
when it is selected because it has the largest partial output variances of Gip and G11. The
design variables dz7, ds2, ds3, and dss (corresponding to XNa, XNg, XN1o, and XN11),
which are selected by the sensitivity of the cost function, move to their lower bounds of

0.7, 0.6, 0.6, and 0.9, respectively, to reduce the cost function without significantly
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affecting the reliability of the optimum design. On the other hand, even though some
design variables are selected due to the partial output variances of some constraints, they
move to their lower bounds. For example, d24 (corresponding to XN1) moves to the
lower bound of 0.7 because it has the largest sensitivity for the cost function, even though
it has the third-largest partial output variance of Gi11. That is, via the trade-offs in the
optimization process, it is moved to the lower bound to minimize the cost function rather

than to reduce the probability of failure.
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Table 4.17 RBDO Optimum Design

72

Variable

Design Corr(_as- Baseline Based on Variable screening 'FuII
variables | Ponding design expert- screen- + Cost dimen-
RVs ence Ing function sion
d: X1 1.9 1.8343 1.8366 1.8336 1.8491
d2 X2 1.91 2.1810 2.1804 2.1806 2.1692
ds X3 2.51 2.8528 2.8561 2.8540 2.8803
ds Xa 2.4 1.9817 1.9810 1.9856 1.9507
ds Xs 2.55 2.7195 2.7228 2.7261 2.7296
de X 2.25 2.2543 2.2497 2.2558 2.2408
d7 X7 2.25 2.3199 2.3185 2.3207 2.3284
ds Xs 15 1.7904 1.7966 1.7860 1.8
do X10 1.28 1.28 0.9 0.9 1.5336
d1o X11 1.4 1.4 1.4 1.4 1.0038
di X12 1.1 1.1 1.1 1.1 0.9868
di2 X13 2.2 2.2 2.2 2.2 1.7006
diz X14 15 15 15 15 1.2
dig X15 1.25 1.25 1.25 1.25 0.9
dis X16 2.5 2.5 25 2.5 2.0
die X17 2.0 2.0 2.0 2.0 1.5033
di7 X18 14 14 14 14 1.1
dis X20 1.22 0.9 0.9 0.9 0.9
d1o X23 0.75 0.75 0.6 0.6 0.6
d2o X24 1.9 1.9 1.9 1.9 15
d21 Xa25 0.65 0.6897 0.5429 0.5871 0.8
d22 X26 0.85 0.85 1.1 11 11
d2s3 X2z 0.85 0.85 0.85 0.85 1.1
d24 XN1 0.9 0.7 0.7 0.7 0.7
d2s XN2 11 11 1.1 11 0.8
d26 XN3 1.55 1.55 1.55 1.55 1.2039
d27 XNa 0.9 0.9 0.9 0.7 0.7
d2s XNs 15 1.5 15 1.5 1.2
d29 XNe 1.2 1.2 1.2 1.2 0.9
dso XN7 11 11 1.1 11 0.8
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Table 4.17 Continued
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. Corres- . Based on | Variable Varlaple Full
Design . Baseline ) screening .
. ponding . experi- screen- dimen-
variables design . + Cost .
RVs ence Ing . sion
function

ds1 XNg 1.52 1.52 1.52 1.52 1.6925
ds2 XNg 0.8 0.6 0.8 0.6 0.6
dss XN1o 0.8 0.6 0.8 0.6 0.6
ds4 XN11 1.2 0.9 1.2 0.9 0.9
dss XN12 0.75 0.75 0.75 0.75 0.6
dss XN13 0.75 0.75 0.75 0.75 0.6
ds7 XN14 0.75 0.75 0.75 0.75 0.6
dss XN1s 1.0 1.0 1.0 1.0 0.8

d3o XN16 1.14 1.14 1.14 1.14 0.9083
d4o XN17 1.2 1.2 1.2 1.2 0.9
da1 XN1sg 14 14 14 14 1.1
dsz XN19 1.2 1.2 1.2 1.2 0.9
dss XN2o 14 14 14 14 1.1
dag XN21 2.13 2.13 2.13 2.13 1.7
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Table 4.18 Cost, Probabilities of Failure at RBDO Optimum Design,
and Optimization Details

Variable
Performance Based on Variable screening Full
measure experience screening + cost dimension
function
Cost 249.10 259.83 24417 225.68
G 10.06% 9.94% 9.96% 9.96%
G2 10.03% 10.11% 10.04% 9.99%
Gs 0.00% 0.00% 0.00% 0.00%
Gy 0.11% 0.11% 0.09% 0.10%
Gs 1.96% 1.95% 2.04% 1.91%
Ge 9.95% 10.01% 10.02% 9.99%
Gy 9.89% 9.93% 9.95% 10.01%
Gs 10.03% 9.98% 9.91% 9.07%
Go 10.04% 9.99% 9.87% 9.92%
Gio 0.00% 0.00% 0.00% 0.00%
Gn 10.02% 9.97% 9.93% 10.02%
eraions | 20 30 20 2
NSA;LEEE 2,666 4,358 3,306 :

74

To verify once again that the surrogate model generated by DKG is accurate, the

same three cases are performed using responses from the 44-D global surrogate model
directly while fixing screened-out variables at their baseline design points. As shown in
Table 4.19, the optimums found using DKG and 44-D global surrogate models are very
close to each other. Hence, it is confirmed that DKG generated accurate surrogate

models. Moreover, it is also verified that RBDO can be conducted based on an accurate
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surrogate model even for a moderately large-dimensional problem (14 and 18
dimensions).

For the three reduced-dimensional cases, the probabilities of failure are calculated
using only selected variables as random variables, since the other design variables are
treated as deterministic as explained in Section 3.1.2 with fixed values at the baseline
design. In Table 4.18, it can be seen that, in all cases, the target design constraints of
10% probability failure are closely satisfied as expected at these optimum designs since
the RBDO considers only the selected variables as random variables. On the other hand,
to check correct reliabilities, reliability analyses are carried out at these optimum designs,
treating all variables as random using the 44-D surrogate models and MCS with 1 million
samples, as shown in Table 4.20. It is noted that the probabilities of failure of the full-
dimensional optimum in Table 4.18 and Table 4.20 are different even though the
discrepancy is negligible. Theoretically, they should be the same; however, they are not
equal because different numbers of MCS samples (500,000 and 1 million) are used and
MCS error is induced. At the baseline design, all constraints have an approximately 50%
probability of failure, and this is reasonable because all constraints are active at the
baseline design. However, they are not exactly 50% because the constraint functions are
nonlinear. Probabilistic constraint results corresponding to G1~Gy are active or feasible
in both Table 4.18 and Table 4.20. Due to the fact that G1~Gy are functions of X1~Xs,
and all of them are selected as important variables, the RBDO result with reduced
dimension and the reliability analysis result with full dimension are very close to each
other, considering MCS errors. The constraint Gio shows inactive results regardless of
which selection design variable set is used.

All probabilities of failure for the constraint G11 in Table 4.18 satisfy the target
probability of failure 10%, which makes it obvious that these are the reliability analyses
results of reduced-dimensional problems. However, full-dimensional reliability analyses

at optimum designs show quite different values, as shown in Table 4.20. Selection based
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on experience shows a 17.70% probability of failure, which violates the target probability
of failure significantly. The variables selected based on experience contain only 55.4%
(=1.76E—02/3.18E—02 x 100%) of the total output variance of G11. Hence, it cannot find
any safe design once dimension is reduced. On the other hand, the probabilities of failure
for the proposed variable screening method (Case 2) and also the one considering cost
function (Case 3) are close to the target probability of failure. The selected variables
contain 93.4% (=2.97E—-02/ 3.18E—02 x 100%) and 93.7% (= 2.98E—02/ 3.18E—02 x
100%) of the total output variance of G1; for Case 2 and Case 3, respectively. Hence it

can find a correct optimum even with reduced dimension.
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Table 4.19 RBDO Optimum Design with 1-RBDO and True Model

Based on experience

Variable screening

Var. screen. + cost fn.

varabies | e | pke 44-D DKG 44-D DKG 44-D
Surrogate Surrogate Surrogate

d: X1 1.8343 1.8371 1.8366 1.8359 1.8336 1.8425
d: X2 2.1810 2.1799 2.1804 2.1807 2.1806 2.1771
ds X3 2.8528 2.8578 2.8561 2.8576 2.8540 2.8654
d4 Xa 1.9817 1.9807 1.9810 1.9851 1.9856 1.9525
ds Xs 2.7195 2.7222 2.7228 2.7233 2.7261 2.7209
de Xe 2.2543 2.2488 2.2497 2.2501 2.2558 2.2464
d7 X7 2.3199 2.3173 2.3185 2.3169 2.3207 2.3265
ds Xs 1.7904 1.8 1.7966 1.7985 1.786 1.8
do X10 - - 0.9 0.9 0.9 0.9
dis X20 0.9 0.9 0.9 0.9 0.9 0.9
d19 X23 - - 0.6 0.6 0.6 0.6
d21 Xas 0.6897 0.6875 0.5429 0.5424 0.5871 0.5826
d22 X26 - - 1.1 1.1 1.1 1.1
d24 XNy 0.7 0.7 0.7 0.7 0.7 0.7
d27 XNy - - - - 0.7 0.7
ds2 XNg 0.6 0.6 - - 0.6 0.6
ds3 XN 1o 0.6 0.6 - - 0.6 0.6
das XN11 0.9 0.9 - - 0.9 0.9
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Table 4.20 Reliability Analysis Result Using Full-Dimensional Surrogate Model

Performance Base_line Base_d on Varial:_)Ie s\c/?er(i,?]ti)rllz _ FuII_
measure design experience | screening | oo hoo dimension
Cost 269.47 249.10 259.83 24417 225.68
G 48.25% 10.06% 9.96% 10.00% 10.05%
G2 51.34% 10.02% 10.11% 10.04% 10.09%
Gs 54.14% 0.00% 0.00% 0.00% 0.00%
Ga 55.57% 0.10% 0.12% 0.09% 0.12%
Gs 58.94% 1.96% 1.93% 1.98% 1.91%
Ge 59.70% 10.08% 10.05% 10.05% 10.00%
Gr 59.86% 10.20% 10.04% 9.91% 10.06%
Gs 53.23% 10.02% 10.03% 9.97% 9.14%
Go 51.15% 10.02% 9.96% 9.96% 9.96%
Gio 49.10% 0.00% 0.00% 0.00% 0.00%
Gn 52.46% 17.70% 11.23% 11.17% 10.05%
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CHAPTER 5
CONFIDENCE LEVEL OF RELIABILITY OUTPUT
FOR CONFIDENCE-BASED RBDO

In this chapter, a newly developed method to estimate the confidence level of
reliability output (probability of failure) is presented. In Section 5.1, the reliability output
is represented in the general form for further derivations. In Section 5.2, the probability
of the reliability output is decomposed into successive conditional probabilities using the
Bayesian method, and those conditional probabilities are described in Sections 5.3, 5.4,
and 5.5. In Section 5.6, a numerical method is proposed to calculate the confidence level.
Finally, the proposed method is applied to a two-dimensional mathematical example in

Section 5.7.

5.1 Reliability Output and Limited Data

In Section 2.1.3, the reliability output, which is the probability of failure pr, was

defined using a multi-dimensional integral and an indicator function as

Pr = J-G(X)>O f () dx = -[]RN lo, (x) T (x) dx. (5-1)

where QF is the failure domain such that a performance measure G(x) is larger than zero

(e, G(x) > 0) and I, (e) is an indicator function defined as

L (%0 = 1, for xe Q. -
210, otherwise (5-2)

In Eq. (5.1), the input joint probability density function (PDF) fx(x) has a distribution
type and distribution parameters, which determine the probability of failure. Hence, Eqg.

(5.1) can be represented in the general form as

p-(M. ) =P[XeQ:]=[ 1, (x) f(x|M, w)dx (5.3)

www.manaraa.com



80

where M and w are the input distribution type and input distribution parameters,
respectively. If the population data are available, the true input type M and the true
values of y can be obtained. If this is the case, Eq. (5.3) produces a reliability output
value. However, in practical engineering problems, only limited data are available, so M
and y follow probability distributions instead of being fixed types or values.
Consequently, the reliability output follows a probabilistic distribution, which is affected

by M, y, and the size of the limited data.

5.2 Probability of Reliability Output

Consider a limited input data set *x. The input distribution type M and input
distribution parameters y might be inferred from the given data set *x. In this study, it is
assumed that input distribution type M and parameters y follow certain probability
distributions that can be analogized from the given data set *x. Under the assumption,
and using the Bayesian approach with the given data *x, a joint PDF of the reliability

output Pr, input distribution type M, and input distribution parameters y is obtained as

f(Pe, M,y [*x)=f(pe [M,y,*x) P(M |y, *x) f (y|*x). (5.4)

In Eq. (5.4), it can be seen that the joint PDF is a product of three successive conditional
probabilities. If all terms in Eq. (5.4) are available, the marginal PDF of the reliability

output Pr can be obtained by integrating M and y in Eq. (5.4) as

fo (e 1) =2 [ F(pe, M) dy, pe [0, (55)

Furthermore, the cumulative distribution function (CDF) of Pk is obtained by integrating

Eq. (5.5) with respect to the reliability output as

Fo (P 10 =" 2 [ f(o.M,w|*)dwdp, peel01] (5.6)
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where pis the variable that corresponds to the reliability output Pr. The value of CDF of
Pr in Eq. (5.6) represents the probability that Pr of a design with limited data is less than
the specified value pr. That is, the CDF value is the probability that a design is safer
(more conservative) than pr. Hence, it is called the “confidence level” of the reliability
output pr in this study.

To obtain the probability of Pr in Egs. (5.5) and (5.6), all terms on the right side
of Eq. (5.4) need to be identified. The first term is the probability of Pr with the given
M, v and the data *x. As shown in Eq. (5.3), the reliability output is determined by the
input distribution type M and parameters y. Consequently, when M and y are given, the
reliability output is a deterministic value, and the probability of it becomes a Dirac-delta

measure as

fPF(pF |Mv\|li*x):5[pF_pF(M’\|l)]- (5-7)

The second and third terms on the right side of Eq. (5.4) are obtained in the following

sections.

5.3 Input Data

Before explaining the probabilities of input distribution type M and parameters ,
the given data set *x is described in this section. For simplicity of explanation, the
number of data for each input random variable is set to ND. This can be easily extended
to a case in which the numbers of data are not the same. The input data set *x could

contain the following data subsets:

X =L*X,, ..., "X} (5.8)

where N is the number of input random variables, and the data subset *x; for the i-th

random variable X;j is a column vector with size ND as
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T
*X~:[*Xi(l) *Xi(Z) *Xi(ND)]' (59)

The data subset *x; can be decomposed into two parts as

X =*X +*X. (5.10)

where *X. is a column vector with size ND whose total entities are the mean of the data

as

ND
%, =[*% *% - *X] such that *7i=%2*xi‘”‘)- (5.11)
m=1

Some of the input random variables are related to design variables. If Xj is related to a
design variable di, the i-th data subset *x; is changed in the reliability-based design
optimization (RBDO) process as

RBDO
i

#FE00 _ (|, %% (5.12)

where d; is the i-th design point vector defined as

d] . (5.13)

In Eq. (5.12), the input data in the RBDO process is changed to be centered at the
current design point. However, *%, which is the dispersion of the data with respect to the
design point, is maintained in the RBDO process. The data decomposition in Egs. (5.10)
and (5.12) is a usual practice in the RBDO process, but this is discussed in this section to
note that *x is the part where the input uncertainty exists and that it remains the same
while the design is changed during the RBDO process. This is an important fact in the

following sections.
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5.4 Probability of Input Distribution Parameters

As discussed earlier, the input distribution parameters follow a certain distribution
instead of being fixed values when only limited data is available. However, the exact
distribution of input distribution parameters is not known. The exact distribution of the
parameters is available only when population data of the parameters are given. However,
the population data of the parameters can be obtained only when the population data of
the input random variable X are available. If the population data of X are available, there
is no issue of limited data. Otherwise, only an approximated distribution of the input
distribution parameters can be obtained. There could be a number of parameters for an
input model, such as mean, variance (or standard deviation), skewness, kurtosis,
Spearman’s rho, Kendall’s tau, etc. In this study, two parameters of mean and variance
are considered for marginal PDF and CDF, and Kendall’s tau is used for statistical

correlation between two random variables.

5.4.1 Probability Distribution of Input Mean and Variance

The central limit theorem (CLT) is a widely used method for obtaining the
distribution of the input mean (mean of input random variables X) with the given input
data. Though CLT produces the distribution of the input mean under the assumption that
the data follow normal distribution, it produces a well-approximated distribution of the
input mean when the input data follow other distributions. In the same sense, the
distributions of the input mean and variance are obtained using Bayes’ theorem under the
assumption that the given input data *x follow normal distribution in this study. This
does not mean that the input distribution type M is normal distribution; this is only an
intermediate assumption to find the approximate distribution of the input mean and
variance. It will be shown that the result of Bayes’ theorem is the same as the one from
CLT. Also, the non-informative prior, which means that there is no information except

the given input data, is used for Bayes’ theorem.
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Under the normality assumption described above and with the non-informative
prior, the input variance vi, for the i-th independent random variable X; and the given data

subset *xi, follows inverse-gamma distribution as (Gelman et al., 2004)

— — _2
V| *X, ~ Inv-y*(ND -1, s?) = IG(ND2 1, (ND2 Ds, ] (5.14)
where the sample variance s? can be calculated as
fo Sy L sgreg, (5.15)
' ND-14" ND-1 ' '

In Eq. (5.14), si2 and the amount of data ND consist of the parameters for the
inverse-gamma distribution. It is noted that Si2 is determined by *x and ND, which do
not change in the RBDO process. Hence, the distribution of vi in Eq. (5.14) does not
change during the RBDO process. Smaller ND produces larger variability in the input
variance in Eq. (5.14). Therefore, the confidence level of reliability output decreases
when less input data is available.

In this study, statistical correlation is assumed to happen only between two
random variables. When the j-th and k-th input random variables Xj and X are
correlated, the input covariance matrix X, for the given data subsets *x; and *xx, follows

inverse-Wishart distribution as (Gelman et al., 2004)

L, I*x;, %%, ~ Inv-Wishart, , (S5) (5.16)

where Sjk is (ND—1) times the sample covariance matrix for *x; and *xx as

ND | (%g(m)
SZHJ( )M T AR

m=1
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In Eq. (5.16), it can be seen that the distribution of the input covariance matrix Zjk also
does not change in the RBDO process because Sjx and ND remain the same. Smaller ND
will decrease the confidence level of the reliability output as well in Eq. (5.16).

The input mean ; of the i-th independent variable Xi, for the given input variance

vi and data *xi, follows normal distribution as (Gelman et al., 2004)

14|V, X, ~ N'(*%,v, | ND). (5.18)

As Eq. (5.18) is the same as the distribution from CLT, the distributions of the input
variance and the mean in Egs. (5.14) and (5.18) are reasonable and trustworthy. When X;

is related to a design variable di, Eq. (5.18) can be expressed as

H; |Vi’*XiRBDO ~ N (d;,v; /ND). (5.19)

In Egs. (5.18) and (5.19), smaller ND makes the input mean i have larger variability, so
the confidence level of the reliability output decreases. For the given covariance matrix
Yk as well as input data *x;j and *xx, the input mean vector pjx of the correlated variables
Xj and Xk follows bivariate normal distribution as
X)) I

ujklzjk,*Xj,*Xk '”N[(*Y:j,N—IJDJ- (5.20)
Again, Eq. (5.20) coincides with two-dimensional CLT. Hence, the distributions of the
input covariance matrix and mean vector in Egs. (5.16) and (5.20) are valid. If the

correlated pair Xj and X« is related to design variables dj and dx, Eq. (5.20) can be

represented as

d.) X,
By |2jk,*X?BDO’*XEBDO ~ j\[((dlj,N—I’;}. (5.21)
k

Also, smaller ND induces larger variability in the input mean vector; as a result, the

confidence level of the reliability output decreases.
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5.4.2 Probability Distribution of Kendall’s Tau
In this study, the copula is used to describe statistical correlation between input
random variables. The copula requires a measurement of dependence in the correlated
input variables. The Kendall’s tau can be used for the dependence measure; it estimates
the dependence based on ranks in data pairs. Consider a correlated input random variable
pair Xj and Xx. Then the dependence in the pair can be calculated using the Kendall’s tau
as (Genest and Favre, 2007)

PND _QND 4
= Pw —1
(ND) ND (ND -1) (5.22)
2

where Pnp and Qnp are number of concordant and discordant pairs, respectively. Here,

ty =

two data pairs (*%™,*%{™) and (*%,*%™) for X; and X are said to be concordant
when (%™ —* W) (*x™ —* ") > 0 and discordant if (*x™ —*x™)(*x™ —*%") <0.
As it is calculated from the data, the calculated value from Eq. (5.22) is a sample
Kendall’s tau (tjk), not the input Kendall’s tau (7). The insufficient data forces the input
Kendall’s tau to follow a certain distribution as well. An approximated distribution of

7jk IS given as (Genest and Favre, 2007)

\/ND%~ N(0,22), (5.23)

and it can be easily transformed to

4s. Y
> ~N(tlk,(\/%j ] (5.24)
where
2 1 L "7 IVAY4
Sp =—=> W, +W, —2W)?, (5.25)
ND 4
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W, = %#{n PRI < xR M <*7(0} and (5.27)
W = (W, +---+W,;)/ND. (5.28)

The distribution of the Kendall’s tau zj in Eq. (5.24) is still an approximation, and it is
known to be closer to the true distribution of 7k as the number of the data ND approaches
infinity. When ND is small, the distribution of zx becomes wide. Then, 7 can be out of
its theoretical range [—1, 1]. To alleviate this problem, a 95% probability interval of the
distribution of zjk in Eq. (5.24) is used in this study. This is discussed further in Section
5.6.

The Kendall’s tau, the input mean, and the variance are statistically independent.
Hence, the joint PDF of the input distribution parameters is a product of all PDFs

identified in Sections 5.4.1 and 5.4.2 as
f (w|*x) =H[ f Qe V%) £ (v, %) ]
XH[ f (ujk | 07X, %) f (ij |*Xj 1*Xk)] - (5.29)
j.k

XH (T 17%5,7%, )
ik
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5.5 Probability of Input Distribution Type

The probability of an input distribution type M with the given input data *x and

parameters y is obtained using Bayes’ theorem as

PCXIM.w)P(M |y) _ LCXM, w)P(M | )

PMM v, ™) = > PCXIM,w)P(My) D LCXM,p)P(M[y)  (5:30)

where the likelihood function L(*x; M, ) is a product of the PDF value at each input

data point as
LexMow) =TT T O™ M wy)
TITFO7 %7 M w0

j,k n

(5.31)

Here, M is the input distribution type for the i-th independent random variable Xi, yi is
{ui, vi}, Mjk is the input distribution type for the j-th and k-th correlated random variables
Xj and Xk, and ik is {ujk, Zjk, 7jk}-

The first term on the right side in Eq. (5.31) is a marginal PDF for Xi, which is

expressed as

fOG IMiwi) = £, (65 24,V (5.32)

The second term in Eq. (5.31) is a joint PDF for the correlated pair Xj and X« as (Nelson,
2006)

. . . (5.33)
= CMjk (uj Ui gjk) fMj (Xj’lujk,l’zjk,ll) ka (Xk1:ujk,l’2jk,22)

where Cu, is the copula density function; 6j is the correlation coefficient for the copula,
which is a function of the Kendall’s tau zjx; and uj and uk are the marginal CDF values of
the marginal distribution at xj and x, respectively. ujkm is the m-th entry of the input

mean vector pjk, and Zjkmn iS the mn-th entry of the input covariance matrix Zjx. It is
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noted that the correlation between the input means wjk1 and k2 is already considered in

Egs. (5.20) and (5.21) by using the covariance matrix Zj«, which has a correlation part.
Assuming that there is no prior information about which input distribution type is

preferable, that is, all candidate distribution types are equally probable, the term P(M |y)

in Eq. (5.30) is a constant. Then, Eq. (5.30) can be simplified as

LC%M, )
Z L(*X; M ’\ll) ' (5.34)

P(M [y,*x) =

As mentioned before, there could be a case in which each input data subset has a different
number of data. In this case, equations in this chapter can be generalized by replacing ND

with ND;j for the i-th data subset *x;.

5.6 Calculation of the Confidence Level

of the Reliability Output

Since all terms on the right side of Eq. (5.4) are now available in Egs. (5.7),
(5.29), and (5.34), the confidence level of the reliability output in Eq. (5.6) at a reliability
output value pr can be calculated. When pr is given, Eq. (5.7) needs to be evaluated to
calculate the confidence level in Eq. (5.6). However, it is too complicated to solve Eq.
(5.7) analytically as Eqg. (5.7) involves the Dirac-delta measure. Therefore, the
confidence level is calculated numerically using Monte Carlo simulation (MCS) as
Fo. (P& *X)

NMCS,, NMCS,,

Pe m m
= NMCSMlNMCSW J‘O Z Z fPF (pIM ( )a\l’( ),*X) dp
n=1

m=1
1 NNICS, s, o (5.35)
= e J, 2 2 Nos(P)OLp—Pe(M™, y™)]dp
n=1 m=1

NMCS,, NMCS,,

_ (m) (n)
= NMCSMlNMCS\l, Z Z I[O,p;][pF(M "oyt )J
=l  m-l
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where NMCSy, NMCSu, M™, and w™ are the MCS sample size for M and v, the m-th
realization of (M | y,*x), and the n-th realization of (y |*x), respectively; and I[prF](p) IS
an indicator function whose value is 1 when p is in between 0 and pr, and O otherwise.
Here, the realizations of (M | y,*x) and (y |[*x) are drawn in accordance with the
probabilities in Egs. (5.29) and (5.34). As explained in Section 5.4.2, the distribution of
the Kendall’s tau may be out of the bound [—1, 1] when the amount of data is insufficient,
and it can cause numerical error in the calculation of Eq. (5.35). To avoid the error, the
realizations of Kendall’s tau are drawn from Eq. (5.24), and those out of the 95%
probability interval of Eq. (5.24) are moved to the closest point in the interval. The

overall procedure to evaluate Eq. (5.35) is shown in Figure 5.1.
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(Limited) input data *x, design d

v

Draw NMCS,, sets of input variance,
covariance matrix and Kendall's tau

4

Draw one set of input mean
or mean vector at each set of
input variance and covariance matrix
(Total NMCS,, sets of input parameters)

4

Draw NMCS,, sets of input distribution
types at each set of input parameters

v

Calculate the reliability output at each of
drawn (NMCS,xNMCSy) sets
(Reliability analysis)

v

Check the reliablity output is smaller than
the given value of pr
(Confidence level)

Figure 5.1 Flowchart of Confidence Level Calculation
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5.7 Numerical Example

To check the confidence levels of the reliability output, three performance

measures of the lowa 2-D mathematical problem are considered as

X/ X
G (X)=1-—+-+=
() =172
G,(X) =-1+(0.9063X, +0.4226 X, —6)* + (0.9063 X, +0.4226 X, — 6)° 5 36
—0.6(0.9063X, +0.4226 X, —6)* — (—0.4226 X, +0.9063X,) (5.36)
80
C,(X)=1-T5— =
X, +8X,+5

where X1 and X are input random variables. The limit states (Gi = 0) of Eq. (5.36) are
shown in Figure 5.2, and Gi < O refers to the feasible area in this example. If X1 and X»
follow a benchmark distribution shown in Table 5.1 and the distribution is assumed to be
known, the point d = [d1 d2]" = [5.0541 1.5918]" in Figure 5.2 is the RBDO optimum
with a target reliability output of 2.275%. Hence, the probabilities of failure for G; and

G2 are 2.275%. It can be seen that Gs is an inactive constraint in Figure 5.2.

Table 5.1 Benchmark Input Distribution

Random Marginal Kendall’s
Variable | Distribution Mean STDEV Copula Tau
X1 Normal d; =5.0541 0.3
Clayton 0.5
X2 Normal d, =1.5918 0.3
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Figure 5.2 Limit States of lowa 2-D Example
and Contour of Benchmark Distribution

5.7.1 Confidence Level Calculation Using 10 Data Pairs

As the proposed method is for a limited data problem, 10 pairs of input data are
randomly drawn from the benchmark distribution in Table 5.1. To briefly explain
random data generation, first, two sets of 10 random values are generated from a uniform
distribution between 0 and 1, i.e., U(0,1), using MATLAB’s “rand” function, and they are
treated as independent. Second, they are correlated according to the copula and
Kendall’s tau in Table 5.1 (Nelsen, 2006). Finally, they are transformed to random
variable space (X-space) using the inverse CDF function of the marginal distributions in

Table 5.1. The *X, and *X, of the drawn data are shown as
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[ 1.325x10" ] [2.366x107" |
2.585x10™" 4.678x10™
—4.784x10™" -1.379x10™
2.724x10™ 5.664x10™
. | -3.470x107? 3 9.555x107?

K= oagx10t | 27| 676710 | (5:37)

-3.123x10™" -3.654x10™"
-1.008x10°" 1.970x107"
3.806x10" 2.111x10™

| 4.070x107" | | 4.445x107" |

For the input distribution type M, the 20 candidate types listed in Table 5.2 are
used. In this example, seven marginal distribution types (normal, lognormal, Weibull,
Gumbel, gamma, extreme, and extreme type-11) and eight copula types (Clayton, Frank,
FGM, Gaussian, AMH, Gumbel, A12, and Al14) are considered. Hence, in a bivariate
and correlated problem, there are 392 (= 7x7x8) combinations. However, considering all
392 combinations is ineffective and inefficient since a lot of them have very small
probability. Hence, it is reasonable to narrow the number of candidates down. In this
example, the 20 most probable types (according to their likelihoods) are selected from
among those 392 at the design point d using the drawn data, means, and variances of the
data. The most probable type has 1.58% of probability and the 20th most probable type
has 1.10%. Since they have meaningful probabilities, the 20 of them are selected. Both
numbers of MCS samples, NMCS,, and NMCSy, are set to 10,000. Finally, following the
procedure shown in Figure 5.1, the confidence level of the reliability output is calculated
with the drawn 10 data pairs and 20 candidate distribution types, and the obtained result

is shown in Figure 5.3.
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Table 5.2 Candidate Input Distribution Types at d with 10 Data Pairs

No. Marginal type for X1 | Marginal type for X» Copula
1 Weibull Weibull Gaussian
2 Extreme Weibull Gaussian
3 Extreme Extreme Gaussian
4 Extreme Extreme Al2
5 Weibull Extreme Gaussian
6 Weibull Extreme Al2
7 Weibull Weibull Al4
8 Weibull Weibull Al2
9 Weibull Normal Gaussian

10 Extreme Weibull Al4

11 Extreme Weibull Al2

12 Extreme Normal Gaussian

13 Normal Weibull Gaussian

14 Extreme Extreme Al4

15 Normal Weibull Al4

16 Gamma Weibull Gaussian

17 Weibull Extreme Al4

18 Normal Weibull Al2

19 Gamma Weibull Al4

20 Lognormal Weibull Gaussian
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Figure 5.3 Confidence Level of Reliability Output with 10 Data Pairs

As mentioned before, the reliability output (probability of failure) at the point d is
approximately 2.275% for the active constraints G1 and G2 assuming the benchmark
distribution is known. However, the confidence levels, at the pr of 2.275%, are 8.44%
and 47.5% for G1 and Gz, respectively, as shown in Figure 5.3. That means, at the
design d, we have less than 50% confidence that the design will meet the target reliability
output of 2.275% due to the limited input data. Consequently, conservativeness has to be
applied to the design if only the 10 data pairs are available to assure that the target
reliability output is satisfied. For the third constraint Gz, which is quite inactive, the
confidence level increases rapidly from pr = 0 and shows 99.5% confidence level at pr =

2.275%. This is a reasonable result because the limit state of Gs is far away enough from
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d and thus a very conservative design with respect to Gz. As the input data in Eq. (5.37)
are positively correlated, the contour of the joint PDF of X is wider in the X1 = X»
direction, whereas it is shorter in the X1 = —X; direction (see Figure 5.2). That is, more
uncertainties are induced in X1 = X» direction than in the X1 = —X> direction. Hence, the
confidence level for G1 (8.44%), which is affected by uncertainties in the X1 = X2
direction, is much smaller than the confidence level for G2 (47.5%), which is affected by

uncertainties in the X1 = —X3 direction as shown in Figures 5.2 and 5.3.

5.7.2 Confidence Level Calculation Using 20 Data Pairs

To understand how the amount of data affects the confidence level of the
reliability output, 20 pairs of data are drawn again from the benchmark distribution in
Table 5.1. Using the drawn data, 20 new candidate distribution types are chosen
according to the same procedure used for the 10 pairs of data. »x and =x, of the 20
pairs of data and the candidate input distribution types are shown in Eqg. (5.38) and Table
5.3, respectively.

The obtained confidence level result is shown in Figure 5.4. At the same design
point d, the confidence levels, at pr = 2.275%, are 36.7% and 65.5% for G1 and G2,
respectively. Therefore, the result agrees with the expectation that the confidence level is
more assured as more data are available. For the inactive constraint Gz, the confidence
level is 100%, which has not changed much from the case of the 10 data pairs. This is
reasonable because the confidence level is already maximized even with the 10 data
pairs. The confidence level for G1 (36.7%) is still smaller than the confidence level for
G2 (65.5%) for the same reason as for the case of the 10 data pairs.

Throughout two examples with 10 and 20 data pairs, it is shown that conventional
RBDO, which requires true input distribution, cannot assure target reliability output when
insufficient data are provided. Therefore, the confidence level of the reliability output

should be incorporated in the RBDO for limited input data. It also can be seen that the
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developed method considers number of provided data appropriately when it is estimating

the confidence level.

[ 2.587x107" |

—4.704x107"
2.800x10™
-5.873x10™*
2.603x107"
3.195x10™*"
—-2.031x10"
-1.589x10"
1.648x107"
-1.918x10™"
7.165x107?
1.227x107"
—2.250x107"
—-2.813x10™*
2.538x107"
1.140x10™*
1.608x107*
4.148x107"
—-2.760x10*"

| —2.732x107*

[ 2.198x107 |

—5.496x107"
4.337x107?
—-6.646x107"
6.284x107"
2.777x10™"
-1.637x10"
—2.685x10™"
2.329x107"
4.845x107"
-1.100x10°*
-1.032x10"
-1.651x10™"
—1.248x10"
—2.317x1072
2.930x10™*
-1.171x10™"
3.857x10*"
-3.762x10"

| 1.781x10°°

(5.38)
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Table 5.3 Candidate Input Distribution Types at d with 20 Data Pairs

No. Marginal type for X1 | Marginal type for X» Copula
1 Lognormal Gamma Clayton
2 Normal Normal Clayton
3 Gamma Gamma Clayton
4 Weibull Weibull Clayton
5 Gamma Normal Clayton
6 Weibull Normal Clayton
7 Extreme Weibull Clayton
8 Normal Gamma Clayton
9 Lognormal Normal Clayton
10 Extreme Normal Clayton
11 Lognormal Gamma Al2
12 Gamma Gamma Al2
13 Normal Weibull Clayton
14 Normal Gamma Al2
15 Lognormal Lognormal Al2
16 Normal Normal Al2
17 Lognormal Lognormal Clayton
18 Gamma Lognormal Al2
19 Gamma Weibull Clayton
20 Gamma Normal Al2
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Confidence Level

0.2 0.25 0.3

Figure 5.4 Confidence Level of Reliability Output with 20 Data Pairs
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CHAPTER 6
FORMULATION AND DESIGN SENSITIVITY
FOR CONFIDENCE-BASED RBDO

In this chapter, confidence-based RBDO (C-RBDO) and its design sensitivity are
presented. In Section 6.1, C-RBDO is formulated using the confidence level estimation
of the reliability output developed in Chapter 5 as its probabilistic constraints. In
Sections 6.2 and 6.3, the design sensitivity of the confidence level is derived for the
efficient and effective C-RBDO process. In Section 6.4, efficiency improvement
methods are introduced for the C-RBDO. Finally, performances of the C-RBDO and the

design sensitivity method are verified in Section 6.5 using numerical examples.

6.1 Confidence-based RBDO Formulation

The formulation of an RBDO problem has been shown in Section 2.3 as
minimize  Cost(d)
subjectto  P[G,(X)>0]< p", i=1---,NC (6.1)
d-<d<d’, deR™ and XeR"

where X is the N-dimensional random variable vector, d is the NDV-dimensional design
variable vector, Gi is the i-th constraint function, p,T:f" is the target reliability output for
the i-th constraint, and NC is the number of constraints. The formulation in Eq. (2.18) is
based on an assumption that there is no uncertainty in the input probabilistic model. That
is, an input distribution type and a set of parameters are selected and assumed to be “true”
input type and parameters. However, it is no longer valid when the uncertainty in the
input probabilistic model exists due to the limited data.

In Chapter 5, the confidence level of the reliability output has been obtained for
the limited data. Therefore, using the confidence level as a probabilistic constraint, the

RBDO formulation can be changed to a C-RBDO formulation as
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minimize  Cost(d)
subjectto  F, (pi" [*¥)>CL™  i=1..,NC (6.2)
d-<d<d’, deR"™ and XeR"

where pliar and CL{™ are the target reliability output and target confidence level for the i-
th constraint, respectively. By using the two target values, C-RBDO is able to obtain an
optimum design that satisfies the target reliability output pliar with the target confidence
level CL*". Therefore, the optimum point can secure appropriate conservativeness even
with a finite number of data.

In the C-RBDO formulation, both the number of input data and the design point
affect the confidence level of the reliability output. The target value CLI*" at p,T:fIr can be
achieved by providing more input data to reduce uncertainty in the input probabilistic
model or by finding a more reliable optimal design. If the feasible region of a given
problem is too small to find a feasible optimum in accordance with Eqg. (6.2), increasing

the amount of input data would be inevitable to satisfy the target criteria.

6.2 Design Sensitivity of Confidence Level

The confidence-based RBDO in Eq. (6.2) uses the confidence level of the
reliability output as its probabilistic constraints. Consequently, a new design sensitivity
method for the confidence level is necessary to obtain a C-RBDO optimum design
accurately as well as efficiently. For further derivation, the analytical form for the

cumulative distribution function (CDF) of the reliability output is recalled as

P (P 0= [ 2 [, F(o.M w0 dydp
Pe " y (63)
=IO ZL f(pIM,y,* ) P(M [y, *x) f (y|*x)dydp

and the derivative of Eq. (6.3) with respect to a design variable d; yields
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0
HFPF(pF |*X)

= [T e IM PO ) w0 dyap
p (6.4)
= [ 24, fPIM W )PV [y, %) (v *x)
N

x%[ln P(M |y, *x)+In f (g |*X)]d\|l}dp
i
Compared with Eqg. (6.3), there are two additional terms in Eq. (6.4). The first additional
term is the change rate of the natural logarithm of the probability of input distribution
type to the design change. This term is explained in detail in Section 6.3 and is defined
for now as
0
8_di|n P(M |w,*x)=S,,(M,y,*x,d.). (6.5)
As discussed in Section 5.3, a design change in the optimization process does not
affect the dispersion of input data. That is why the probabilities of the input variance and
covariance matrix are independent of the design variable di. Likewise, the probability of
the input Kendall’s tau is not related to the design variable. Therefore, the second
additional term in Eq. (6.4), which is the change rate of the natural logarithm of the
probability of input parameters to the design change, is derived when d; is the design
variable that corresponds to an independent random variable X; as

0 N _i M
aInf(\lll X) ad In T Cea i, ™) = v, : (6.6)

Esw(ﬂivvi’dw ND)

where i, vi and ND are given input mean, variance and number of data for the input

random variable Xi, respectively. Consider a correlated random variable pair Xj and Xk

www.manaraa.com



104

and a design variable d; related to Xj. Then, the second additional term in Eq. (6.4) for d;

is derived as

j1*Xk)

0 0
Zin f (w1 == In f (u | £, %
ad, ad, w

ND Him =95 Zjaa (W —dy) (6.7)

2
1—(21-“2 /«/ij,nzjk,zz) zjk,mm ij,llzjk,zz

=S, (n;,Z;.d;,d,ND)

where pjk and ujkm are given input mean vector and its m-th entry, respectively, Xjx and
Yjk,mn are given input covariance matrix and its mn-th entry, respectively, m=21and n = 2,
For the other design variable dx, Eq. (6.7) can be used after changing the position of d;
and dx and settingm =2 and n = 1.

Although both of the additional terms in Eq. (6.4) are obtained in Egs. (6.5), (6.6),
and (6.7), the design sensitivity cannot be calculated analytically. The reason is the same
as why Eq. (6.3) is evaluated using the Monte Carlo simulation (MCS) method in Section
5.6. Hence, the design sensitivity in Eq. (6.4) is calculated using the MCS method. The
design sensitivity for the design variable di, which corresponds to the independent input

random variable Xj, is

, NMCS,, NMCS,,
a_dinF(pF|*X):WlNMCSV ; ; {I[o,pF][pF(M(m)1\|I(”))i| ’ (68)

X[ Sy (M™ ™ *x,d,) + Sy (1 v, d, ND)]}

and the design sensitivity for the design variable dj, which corresponds to the correlated

input random variable Xj, is

’ NMCS,, NMCS,,
EFPF(pFPX):m ; % {I[O,pp][pF(M(m)’w(n)):I . (6.9)

X[ S (M ™,y *x,d))+S¢ (), =, d,d, ND) |}
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Equations (6.8) and (6.9) are quite similar to the confidence level of the reliability output.
Only the additional terms in Egs. (6.5), (6.6), and (6.7) have to be calculated at each MCS
sample, and they are computationally inexpensive. Hence, the design sensitivity can be
calculated with little additional effort during the calculation of the confidence level of the
reliability output. It is noted that the equations in this section can be easily generalized
by replacing ND with ND; for the i-th data subset *x; in a case where each input data

subset has a different number of data.

6.3 Derivative of Natural Logarithm of Probability of Input

Distribution Type

In Section 6.2, Eq. (6.5), which is the change rate of the natural logarithm of the
probability of input distribution type to the design change, is required for the design
sensitivity of the confidence level in Egs. (6.8) and (6.9). The easiest way to calculate
Eq. (6.5) is with the finite difference method (FDM) because it only requires evaluations
of the probability of input distribution type in Eq. (5.34) at perturbed design and current
design. However the FDM could be inaccurate when appropriate perturbation size is not
provided. Specifically, when Eq. (5.34) involves several different input distribution
types, there may be no unique perturbation size that is appropriate for all types. Hence,
determining perturbation size could cause unnecessary difficulty and inaccuracy when
calculating Eq. (6.5) using the FDM.

If analytical expressions of marginal probability density functions (PDFs) and
copulas are available, Eq. (6.5) could be derived analytically by taking the derivative of
the natural logarithm of Eq. (5.34) with respect to the design variable. First, the
expression of data in Eq. (5.12) is recalled and the superscript “RBDO” is dropped for
simplicity:

*x. = d, +*%. (6.10)
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where

=[O @ T and (6.11)

d]. (6.12)

Knowing that *X; is invariant in the C-RBDO process, the derivative of a function h(*x)
with respect to design d; is the summation of the derivative of the function with respect to

data *x{:

a0, "0 Za* (). (6.13)

In Eq. (5.33), the probability of input distribution type is obtained as

LCX M, )

P(M |y, *x) = SLxM.) (6.14)

where the likelihood function L(*x; M, ) is defined as

LCG M, w) = HH FEX™ MWD TTT O % IMjow ). (6.15)
j.k n
If the p-th random variable X, is statistically independent, PDFs of X, can be set apart
from Eq. (6.15) for further derivation as

LeXM ) =TT FOX™ M, w;)

iZp m

<TTLT X% IM gow L T fu, OG5 25,9,

jk n

(6.16)

Furthermore, if the g-th random variable is statistically correlated with the r-th random

variable, Eq. (6.15) also can be expressed by separating out joint PDFs of Xq and X as
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LM, w)

:HH f(*xi(m) | Mi"l’i) H Hf(*xgn)1*xén) |M jk""jk)'

j#gq,k=r n (617)
X [T {Gu, (Ul *u;0) iy, X 11,0) T, X5 11,,v,)

where *u"” = Fu, (*x"; 11,,V,) which is the CDF of Xq at *x{". Then, the derivatives of

the natural logarithms of Egs. (6.16) and (6.17) are derived using Eq. (6.13) as

0 0 m
Wln L(*X M \I’) Za* (m) fMp(*XE) ),,Llp,V )
i and  (6.18)
O, XS5 14, ,) '

=Y~
—~ (*Xém)”up’ ) a*xgﬂ)

0
—InL(*x;M,
p ( V)

q

- sl s 0] ]

— a*xéﬂ)
ND 6In{ Cu® 9)} o ' (6.19)
_ v (N
_Z o*um f (X ,,uq,Vq)
n=1 q
1 anq (*X((]n) ) /uq’ )
(n) (n)
(*x s g Vy) 0* X,

respectively. In Egs. (6.18) and (6.19), the derivatives of PDF f and copula density

function c are required, and the derivatives of commonly used PDFs and copula density

functions are shown in Table 6.1 and Table 6.2, respectively. Using the derivatives, Egs.

(6.18) and (6.19), the derivative of the natural logarithm of Eq. (6.14) can be obtained as
I P(M |y,*x) = ‘3 {In L(*x; M, y) — InZL(*x M \v)}

ad, |
(6.20)

:iln L(*X; M, y)

ad, T _ZL(*X;M
M

" Z{L(*x; M.w)—-InL(xiM ,\v)}
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Also, Eg. (6.20) is exactly the same as Eq. (6.5). Hence, the sensitivity for C-RBDO in

Egs. (6.8) and (6.9) can be obtained using Eq. (6.20).

Table 6.1 PDFs and Derivatives of PDFs

Distribution PDF, fx(x) Derivative of PDF, df/dx
type
Normal ! e_%[%#r Xz (x)
2o o’ X
1 ,1[Inx;ﬂf 1( Inx—ﬁj
Lognormal 2l & ——|1+ f, (x
. Tonox’ e )
k k-1 k k—l k k-1
Weibull —(5) exp{[éj} {——(5] £(X)
v\v 1% X vy
Gumbel o exp [—a(x—v) —e‘“(x‘v)} a(e ™™ -1) f, (x)
e a-1 1
G Xt — 2 f, (x
amma I(@)b* ( X b] «()
1 x—a 2 1 X—a
Extreme Bexp[T—e b } B{l—exp[T)} fy (X)
a+l a a
Extreme a(b b 1 b
type-I1 g(;] eXP[—(;] ] ;{a(gj —a—1} fy (x)
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Table 6.2 Copula Density Functions and Derivatives

Copula Copula density function, c(u,v;6) Derivative, dinc/du
Clayton L+ O)(uv) O (—14u v 7) B (20+)u™ ™ 1+0
“1+u?+v?
0e6(l+u+v) (ee _1) 2 {eﬁ(uw) _ eH(lJru)}
Frank (&7 — P00 _ gt | iy 0\ 1w —gram g
20(1-2v)
1+6(1—-2u)(1-2v —
FeM ot s ) 1+6(1-2u)(1-2v)
—0° {7 (U)* + D7 (V) + 20 D7 (U)D (V) 0 1
Gaussian exp OV -0D (U) ———
J1-6? 2(1-6%) 1-6° { }¢((I) (W)
6(6v+v-0+1)
AMH 1+60°1-u)1-V)-0(2—u—-v—uv) 1+6*(1-u)1-V)—0(2—u—v—uv)
[1-60-u)@a-v)P 39(1-v)

1-6(1—-u)(L-V)

*®: CDF of standard normal distribution, ¢: PDF of standard normal distribution
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Table 6.2 Continued

Copula Copula density function, c(u,v;6) Derivative, dInc / du
_ 017 0-1
exp(A ™) (=Inu)™(=Inv) AVI2 (A 4 1) 1 " 9_1+( oy g AVOL 1-20
Gumbel ; , u Inu AY+0-1 A
where A= (=Inu)” +(-Inv)
-1 0-1
(U =)0 (vt — 1)t AV {(9+1)A1/6 +9_1} -1 (1—26?)(121 -1
2,2 17613 u(u-1) usA
Al2 uvi 1+ A7) A+O)AY Ut -1t 2 AU -1t
(-l 1\ -1 1\0 — ——+
where A= (U 1) + (V 1) UZ{(1+0)A1/9 4 0_1} u uZ(Al/H +1)
1. 017 ,-16 4\0-1, —1(1/0+1), ~1(1/6+1) -(U/o+1)
—u =) (v ""-D)"u v _(%+1)%_(1_%j 3-1/.9 _1+ AVOL (V0 _1)0-Ly-Wo)
Al4 x(1+ A1/9)—9—2 A1/0_2(26’A1/9+6’—1) X{2_1/9+1+2/9_ ) }
where A=u™" -1)7 + (" -1)’ AT AT L 20K 4601
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6.4 Efficiency Improvements

Confidence-based RBDO is rather computationally expensive because it requires
NMCSyXNMCSw calculations of the reliability output in Eq. (5.35). Of course, the
reliability analysis is required NMCSy x(# of candidate distribution types) times
practically; however it is still more computationally expensive than conventional RBDO.
To alleviate the burden, two methods to improve efficiency of C-RBDO are used in this

study.

6.4.1 Two-Step Reliability Analysis
For the C-RBDO process, accurate values of the reliability outputs are not

necessary because C-RBDO uses the information whether or not a reliability output is
larger than target reliability output. This fact could be used to reduce computational cost.
Assuming the reliability output would be calculated using the MCS method, the error of
the reliability output is estimated with 95% confidence level as (Haldar and Mahadevan,
2000)

£% = ﬁ % 200%. (6.21)
It is noted that the error means ¢ % of the target reliability output p= and the error is very
small as p is usually a small number. By rearranging Eq. (6.21), an appropriate number

of MCS samples is obtained as

4000001 p)

Tar

NMCS (¢%) = >
& Pe

(6.22)
In Eq. (6.22), it can be seen that NMCS is inversely proportional to £, while

computational cost increases proportional to NMCS. Hence, the cost could be reduced by

controlling &and calculating the reliability output in two steps.
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First, set a relatively large error level &, for the preliminary test. For example,
15% could be a reasonable number for g,. Then the number of MCS samples for
preliminary test NMCSp becomes NMCS(15%) in Eq. (6.22). If a calculated reliability
output with NMCS;, samples is out of the range [pr 1+, /100)], the calculated value can
be used for confidence level estimation. If the value is in the range, more MCS samples
satisfying small error level of &a in Eq. (6.22) are used to accurately determine whether or
not the calculated reliability is larger than target reliability output p=. For example, &a
could be set to 3%. Then the number of MCS samples for accurate test NMCSa becomes
NMCS(3%) in Eq. (6.22). It is noted that NMCS,=NMCS(15%) is only 4% of NMCSa
=NMCS(3%) in Eq. (6.22). If approximately 20% of NMCSy x(# of candidate
distribution types) falls into the range, the two-step method requires only 24% (=20% +

4%) of the computational time of the previous method,; this is significant improvement.

6.4.2 Reusable Monte Carlo Simulation

Monte Carlo simulation requires different sample sets to estimate reliability
outputs of different input distribution types. In conventional RBDO, reliability analysis
using the MCS method would be performed for one input distribution type; however
multiple distribution types are used in C-RBDO as it involves several candidate
distribution types. Hence, it would be quite efficient if the MCS is performed for some
input distribution types and the results propagate to other distribution types without any
more simulations.

Important sampling could be applied to reuse an MCS result for other distribution
types. The main idea of the important sampling is shown as (Rubinstein and Kroese,

2008)
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J'I (x) f (x)dx = jIQF(x)fE;g(x)dx
£ (6.23)
{QF(X) (XJ Eq [ 1o, X)W(X) ]

where f(X) is the PDF of the input random variable X, g(X) is the PDF of the MCS
samples, Qr is the failure region of a constraint such that G(x) >0, 1, (e) is an indicator
function defined as

I ()= 1, for xeQ. 6.24
20, otherwise (6.24)

and w(X) = f(X) / g(X) is the weight function. Here, it is noted that MCS samples do not
follow the input distribution f(X). The samples follow g(X), which is called “sampling
distribution” in this study, and the constraint G is evaluated at the samples. Then, the
evaluated result can transfer to the reliability output when the input random variable
follows f(X) using Eq. (6.23). Hence, several reliability output values can be obtained for
different f(X) just calculating the weight function w(X) at the MCS samples. It is noted
that the weight function is an analytical function, so it requires small computational time.
The method in Eq. (6.23) is called “reusable MCS” in this study from now on.

Reusable MCS has advantages and disadvantages. The main advantage is the efficiency
improvement explained earlier. The disadvantage is loss of accuracy. The original MCS,
which is the case of f (X) = g(X) in Eq. (6.23), is insensitive to dimensionality of X.
Moreover, the reliability result using original MCS is consistent when appropriate
number of samples is used, as shown in Eq. (6.21). The key factor that determines the
accuracy of reusable MCS is the sampling distribution g(X). If g(X) is appropriately
selected, the loss of accuracy will be minimized. Theoretically, reusable MCS can
estimate the reliability output of two different distributions with one sampling

distribution. However, covering two different distributions of f1(X) and f2(X) could
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make sampling distribution g(X) too wide, as shown in Figure 6.1(a). Then, the result
might be inaccurate or inconsistent because the samples generated from g(X), which
cover the failure domain of f1(X) and f2(X), could be very small. Consequently, reusable
MCS is used for cases with different distribution types but the same statistical parameters
(mean and variance) in this study. As shown in Figure 6.1(b), sampling distribution is
not very wide when it tries to cover distributions with different types but the same
parameters.

For the sampling distribution, its distribution type and parameters should be
determined. Normal distribution is a symmetric distribution with respect to the mean
value of the input random variable. Hence it can be an ideal distribution type for the
sampling distribution because it can distribute MCS samples evenly on both sides of the
mean point. For the same reason, the Gaussian copula is selected to cover other copula
types because it is symmetric to the correlation axis.

Statistical parameters of the sampling distribution should be selected to cover
candidate distribution types. First, the mean value of the sampling distribution is selected
as the same given mean value for the input random variable. When they are different,
sampling distribution may not appropriately cover the domain of the input random
variable, especially for correlated variables as shown in Figure 6.2(a). Given variances
for input random variables are increased to cover all the candidate types; however, the
ratio of increment in each dimension should be the same. If they are different, there is
chance that the sampling distribution may not cover some candidate distribution types
especially when there are correlated variables as shown in Figure 6.2(b). The increment
of variance is selected as follows. First, the 95% probability interval of each candidate
distribution type in each dimension is calculated. Then the variance of sampling
distribution in each dimension is determined so the 95% probability interval of the

sampling distribution can cover all the intervals of the candidate types.
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(a) Covering distributions with different types and parameters
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(b) Covering distributions with different types but same parameters

Figure 6.1 Coverage of Sampling Distribution
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Among the increment in each dimension, the maximum ratio of increased variance to
original is selected and applied to all dimensions to avoid the problem explained earlier
(see Figure 6.2(b)). In this way, the sampling distribution shown in Figure 6.2(c) could
be determined. Here, matching the “95%” probability interval may not be valid for the
cases in which the target reliability output p[*" is larger than 2.275% (2 or less-sigma
design). When it is less, a larger probability interval should be used. Same Kendall’s tau
given for input random variables is also used for the sampling distribution because the
coverage of the sampling distribution is already achieved by increasing variance.

If reusable MCS is applied, the computational time due to number of candidate
distribution types is minimized because it is replaced by analytic calculation. Therefore,

reusable MCS could provide substantial improvements in the efficiency of C-RBDO.

Sampling Dist.
Candidate Dist.
25+ O  Mean of Samp. Dist.
® Mean of Cand. Dist.

0.5F

(a) Different mean value

Figure 6.2 Properties of Parameters for Sampling Distribution
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3 -
Sampling Dist.
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2.5 ® Mean of Both. Dist.
2 -
><N 1.5F
1 -
0.5
0 1 1 1 1 1 1 1 1
3 3.5 4 4.5 5 5.5 6 6.5 7

(c) Same mean and same variance increment

Figure 6.2 Continued
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6.5 Numerical Example

A 2-D mathematical and a 7-D engineering example have been tested to verify the
performance of the developed C-RBDO. The lowa 2-D example is used to check the
accuracy of the derived design sensitivity and explain the overall process of C-RBDO. In
addition, the effectiveness and convergence of C-RBDO have been tested using the lowa
2-D example. Using the speed-reducer 7-D problem, the performance of C-RBDO in a

high-dimensional problem has been tested.

6.5.1 lowa 2-D Example
The C-RBDO formulation for the lowa 2-D example is formulated as
_(d,+d, ~10)? _(d,—d, +10)?

30 120
subjectto  F, (pe" =2.275%|*x) >CL™ =90% i=12,3.

minimize  Cost(d) =
(6.25)

d-<d<d’, deR?and XeR?

where d"=[0 0], dY=[10 10]", the feasible region is defined as Gi < 0, and the three

performance measures (constraints) are defined as

X2X
G,(X)=1-"122
L (X) 20
G, (X)=-1+(0.9063X, +0.4226 X, —6)2 +(0.9063X, +0.4226 X, —6)3 6.26
—0.6(0.9063X, +0.4226 X, — 6)* — (~0.4226 X, +0.9063X,) (6.20)
Gg(xpy#
X, +8X,+5

The contour of the cost function in Eq. (6.25) and the limit states (Gi = 0) of Eq. (6.26)

are shown in Figure 6.3.
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6.5.1.1 Design Sensitivity of Confidence Level

In this section, the accuracy of the derived design sensitivity of the confidence
level is verified. As the design variable d in the lowa 2-D example corresponds to the
correlated random variable X, Eq. (6.9) is used to calculate the sensitivity. In Eqg. (6.9),
the two additional terms of Sm and S“f are the key parts of the sensitivity. The same 10
input data pairs used in Section 5.7.1 are used for the test of the design sensitivity, and

their *%X, and *X, are recalled here as

[ 1.325x10" ] [2.366x107" |
2.585%10™" 4.678x10™
—4.784x10™" -1.379x10™
2.724x10™ 5.664x10™
_ | -3.470x107? 3 9.555x107?

K= oagx10t | 27| 676710 | (6.27)

-3.123x10™" -3.654x10™"
-1.008x10" 1.970x107"
3.806x10*" 2.111x10™"

| 4.070x107" | | 4.445x107" |

Even though the Sm and S“‘f are related to the input covariance matrix, its effect is
limited since the probability of the input covariance matrix remains the same when the
design changes. Therefore, the effect of the input covariance matrix on the design and on
the perturbed design are the same, whereas the change in the input mean vector is
significant. Moreover, for the same reason, the effect of the Kendall’s tau is limited as
well. As the FDM method is too expensive to calculate very accurate sensitivity to be
used as a reference, simplification of the problem is required to check the accuracy of the
sensitivity with affordable computation power and time. In this sense, the input
covariance matrix and the Kendall’s tau are fixed at the sample covariance matrix and
sample Kendall’s tau. As explained, this is a valid and necessary simplification for an

accuracy check of the sensitivity with FDM. It is noted that this simplification is for fast
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convergence of the FDM sensitivity, not for the developed sensitivity method. Therefore,
the simplification is not applied to the actual C-RBDO process in the following section.
In addition, the five candidate distribution types listed in Table 6.3 are used instead of the

20 types that are used in Section 5.7.1.
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Figure 6.3 Cost Function Contour and Limit States in lowa 2-D Example
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Table 6.3 Candidate Input Distribution Types for Sensitivity Calculation

No. Marginal type for X1 | Marginal type for X2 Copula
1 Extreme Extreme Gaussian
2 Weibull Extreme Gaussian
3 Extreme Weibull Gaussian
4 Extreme Extreme Al4
5 Weibull Weibull Gaussian

At the point d = [d1 d2]" = [5.0541 1.5918]", the design sensitivity of the
confidence level is calculated and compared with the FDM result. The FDM result is
carried out by perturbing d1 by 0.1% and using 2 million MCS samples for the input
distribution parameter (NMCSy = 2,000,000). Because the FDM requires evaluations at
both the original design and the perturbed design, a total of 4 million MCS samples are
actually used to calculate the sensitivity using the FDM. On the other hand, NMCSy, is
set to 10,000 for the analytical sensitivity and needs only one evaluation. Thus, only
0.25% of the MCS samples for the FDM are used for the analytical sensitivity. For both
the analytical and FDM sensitivities, NMCSw is set to 1,000. The accuracy check result
is summarized in Table 6.4 and shows that the derived sensitivity agrees well with the
FDM result. It is also noted that the FDM sensitivity is still converging as NMCSy
increases. Hence, the more accurate FDM sensitivity could be calculated with more
MCS samples, and the discrepancy of 4.3% and 10.9% in Table 6.4 may be due to the
inaccuracy of the FDM sensitivity. The sensitivity for the third constraint is not
considered because the design point d is so far from the third constraint that the

sensitivity is meaningless for design optimization.
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Table 6.4 Analytical Sensitivity and FDM Sensitivity

Sensitivity for Sensitivity for
Method G1(X) Accuracy Ga(X) Accuracy
Analytic 0.709119 104.3% -4.94209 110.9%
FDM 0.679895 -4.45638

6.5.1.2 Confidence-Based RBDO for lowa 2-D Example

Confidence-based RBDO is performed for the lowa 2-D example in Eq. (6.25).
Sequential quadratic programing (SQP) is used as the optimization method, and the
design sensitivity in Eq. (6.9) is used. It is noted that the assumption in Section 6.5.1.1 is
not imposed for the design sensitivity. For numerical efficiency, deterministic design
optimization (DDO) is carried out first using the lowa Reliability-Based Design
Optimization (I-RBDO) code (Choi et al., 2012). Then, the conventional RBDO is
performed using the I-RBDO from the deterministic optimum with the most likely
distribution type and parameters, which are obtained using the given input data. Finally,
the C-RBDO is performed at the conventional RBDO optimum. In this way, the
computational effort for design iterations of the C-RBDO process is minimized.

Using the 10 data pairs in Eq. (6.27), C-RBDO has been performed. In addition,
the optimization is also conducted for the 20 data pairs used in Section 5.7.2 and recalled
in Eq. (6.28). Both NMCSy and NMCSw are set to 10,000. Assuming that the
conventional RBDO optimum design is close to the C-RBDO optimum design, candidate
input distribution types are determined at the conventional RBDO optimum using the
given input data. Following the same procedure in Section 5.7.1, the 20 candidate types
listed in Table 6.5 and Table 6.6 are selected from among 392 (= 7x7%8) combinations at

each of the conventional RBDO optimum designs using the data, means, and variances of
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the data. As a benchmark, the conventional RBDO optimum based on the benchmark

input distribution, which is also used in Section 5.7 and recalled in Table 6.7, is used. As

explained in the Section 5.7, the 10 and 20 data pairs are drawn from the benchmark

input distribution. The results of C-RBDO and the benchmark are summarized in Table

6.8.
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Table 6.5 Candidate Input Distribution Types at the Conventional RBDO
with 10 Data Pairs

No. Marginal type for X1 | Marginal type for X2 Copula
1 Weibull Weibull Gaussian
2 Extreme Weibull Gaussian
3 Extreme Extreme Gaussian
4 Extreme Extreme Al2
5 Weibull Weibull Al2
6 Weibull Extreme Gaussian
7 Weibull Weibull Al4
8 Weibull Extreme Al2
9 Extreme Weibull Al2
10 Extreme Weibull Al4
11 Weibull Normal Gaussian
12 Extreme Normal Gaussian
13 Normal Weibull Gaussian
14 Normal Weibull Al2
15 Extreme Extreme Al4

16 Normal Weibull Al4

17 Gamma Weibull Gaussian

18 Weibull Extreme Al4

19 Gamma Weibull Al2

20 Gamma Weibull Al4
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Candidate Input Distribution Types at the Conventional RBDO
with 20 Data Pairs

No. Marginal type for X1 | Marginal type for X2 Copula
1 Lognormal Gamma Clayton
2 Normal Normal Clayton
3 Gamma Gamma Clayton
4 Weibull Weibull Clayton
5 Gamma Normal Clayton
6 Weibull Normal Clayton
7 Extreme Weibull Clayton
8 Normal Gamma Clayton
9 Lognormal Normal Clayton
10 Extreme Normal Clayton
11 Lognormal Gamma Al2
12 Gamma Gamma Al2
13 Normal Weibull Clayton
14 Normal Gamma Al2
15 Lognormal Lognormal Al2
16 Normal Normal Al2
17 Lognormal Lognormal Clayton
18 Gamma Lognormal Al2
19 Gamma Weibull Clayton
20 Gamma Normal Al2
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Table 6.7 Benchmark Input Distribution

Random Marginal Kendall’s
variable distribution Mean STDEV Copula tau
X1 Normal d; 0.3
Clayton 0.5
X2 Normal dz 0.3

Table 6.8 Optimum Design of Confidence-based RBDO and Benchmark

Design Conf. level Optimum design Confidence level (%)
Case iteration eval Cost
' di d G1 G2
10 data pairs 8 34 5.1527 2.5260 —-1.5082 89.1 89.8
20 data pairs 7 8 5.2429 1.8835 -1.7626 91.0 91.3
Benchmark - - 5.0541 1.5918 —1.8853 - -
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As shown in Table 6.8, the C-RBDO optimum designs satisfy the given target
confidence level of 90% for both the 10 and 20 input data pairs cases. Moreover, the C-
RBDO processes are converged under eight design iterations, which is efficient enough.
This could be an indication that the provided design sensitivity is quite accurate. Because
Ga is far enough from both optimums, the confidence levels for Gs are almost 100% as
shown in Table 6.8. Comparing both C-RBDO optimum designs with the benchmark
design, the optimum cost is increased. For the 10 input data pairs case, 20% more cost
(—1.8853 vs. —1.5082) is required to meet the target confidence level since significant
uncertainty arises in the input probabilistic model due to the limited data. Hence, a more
conservative design is obtained in C-RBDO using higher optimum cost. However, in the
20 data pairs case, the optimum cost value increases only 6.5% compared to the
benchmark (—1.8853 vs. —1.7626) as it has more data. That is, less uncertainty is induced
in the input probabilistic model, so a less conservative design is obtained than for the 10
data pairs case to satisfy the target confidence level.

To understand how conservative the C-RBDO optimum designs are, a
conventional reliability analysis is performed at each of the C-RBDO optimums using the
benchmark distribution (correct distribution) in Table 6.7. The calculated results are
summarized in Table 6.9, and the optimum designs are graphically shown in Figure 6.4
as well. As shown in Table 6.9, the optimum design of the 10 data pairs case has
probabilities of failure of 0.0022% and 0.0241% for G1 and G, respectively, which are
under 1/100 (0.0241/2.2791) of the result of the benchmark case. However, in the 20
data pairs case, the probabilities of failure are only 0.2190% and 0.3307% for G1 and G2,
respectively, which are approximately 1/10 (0.3307/2.2791) of the result of the
benchmark. Therefore, it can be concluded that the number of data is a crucial factor in
the uncertainty in the input probabilistic model, especially when the data is limited.

The trend is also shown clearly in Figure 6.4. The deterministic design optimum

usually has a probability of failure around 50%. To reduce the probability of failure, the
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conventional RBDO optimum with the given benchmark distribution is pushed inside the

feasible region. It can be seen that the C-RBDO optimums are further pushed inside.

However, the optimum of the 20 data pairs case is much closer to the benchmark

optimum than that of the 10 data pairs case. Hence, it is confirmed that the 20 data pairs

induce much less uncertainty than the 10 data pairs.

Table 6.9 Conventional Reliability Results

Optimum design Probability of failure (%)
Case Cost
d1 d. G2 Gs
10 data pairs | 5.1527 2.5260 | —1.5082 0.0241 0.0
20 data pairs | 5.2429 1.8835 | —1.7626 0.3307 0.0
Benchmark | 5.0541 1.5918 | —1.8853 2.2791 0.0
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10 Data Pairs

20 Data Pairs
Benchmark
Deterministic Opt.

Figure 6.4 Optimum Designs in lowa 2-D Example

6.5.1.3 Convergence Test

In the C-RBDO process, the only parameter that determines whether or not the C-
RBDO optimum converges to the benchmark optimum is the number of data ND.
Changing the target confidence level may expedite the convergence, but the opposite is
also possible. In this section, the number of data pairs in the lowa 2-D example is
increased to 1000 to see if the C-RBDO optimum moves closer to the benchmark
optimum.

For the convergence test, 50, 100, 200, 500, and 1000 pairs of data are drawn

from the benchmark distribution. Statistical parameters calculated from the drawn data
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pairs are summarized in Table 6.10. The same procedure used in Section 6.5.1.2 has
been followed for the large data pairs cases. First, the initial design is set to DDO as
DDO is the same regardless of the number of data pairs. Conventional RBDO is
performed for each case with the most likely distribution types and the parameters listed
in Table 6.10. Then, the 20 candidate distribution types are determined at the

conventional RBDO optimum, and C-RBDO is performed from the conventional RBDO

optimum.
Table 6.10 Parameters Calculated from Data in Large Data Cases
Case X1 X2 Kendall’s

Mean  STDEV | Mean  STDEV tau
50 Data Pairs 4.957 0.303 4.950 0.286 0.564
100 Data Pairs 5.029 0.302 5.031 0.290 0.458
200 Data Pairs 4.974 0.287 4.984 0.287 0.485
500 Data Pairs 4.996 0.285 4.990 0.284 0.496
1000 Data Pairs 4.990 0.287 5.003 0.294 0.507

Benchmark 5.0 0.3 5.0 0.3 0.5

The obtained C-RBDO optimums as well as 10 and 20 data pairs and the
benchmark optimums in Section 6.5.1.2 are listed in Table 6.11. Target confidence level
CL™ is set to 90% for all cases, and 95% and 97.5% of the target confidence level are
used for the 500 and 1000 data pairs cases. The seventh column of Table 6.11 shows the
distance from each C-RBDO optimum to the benchmark optimum. Overall, the distance

decreases as more data are provided in the C-RBDO procedure. Hence, it can be seen
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that the C-RBDO optimum converges to the benchmark optimum as the number of data
increases. However, it is not always true, as shown in the cases of the 50, 100, and 200
data pairs for the 90% target confidence level. The C-RBDO optimum of the 50 data
pairs case is closer to the benchmark optimum than the 100 data pairs case and equally
close with the 200 data pairs case. The reason is that the 50 data pairs case has a
relatively larger sample Kendall’s tau (0.564) than the two other cases (0.458 and 0.485),
as shown in Table 6.10. Large Kendall’s tau allows an optimum to be close to the limit
state of the second constraint G2, which is less conservative. Hence, the optimum of the
50 data pairs case has a distance shorter than or equal to the benchmark optimum even
though it has smaller data. The statistical information contained in data affects the
conservativeness of the C-RBDO optimum, and consequently it may expedite or prolong
the convergence of C-RBDO.

The C-RBDO optimums for the 90% target confidence level are graphically
shown in Figure 6.5. It is evident that the optimums are gathered near the benchmark
optimum when more than 50 data pairs are given. To see the convergence feature in
detail, a small region near the benchmark optimum in Figure 6.5 is magnified in Figure
6.6. In the magnified plot, it is shown that optimum closer to the benchmark optimum is
obtained as more data are provided except in the case of 50 data pairs, as addressed
earlier. The results for the 95% and 97.5% target confidence levels are shown in Figure
6.6 as well. For the 500 data pairs case, increasing the target confidence level makes the
optimums move upward, and the design becomes more conservative and requires more
cost. However, they are positioned a similar distance from the benchmark optimum,
which indicates that increasing the target confidence level does not affect the
convergence of the optimums in this case. On the contrary, the C-RBDO optimums for
1000 data pairs are in-lined to the direction of the benchmark optimum. In this case,
controlling the target confidence level expedites the convergence. Hence, it is evident

that target confidence level is not a consistent parameter that affects the convergence of
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C-RBDO optimums. Again, it is verified that the C-RBDO optimums converge to the

benchmark optimum as number of data increases in Figures 6.5 and 6.6.
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Figure 6.5 C-RBDO Optimum Designs for 90% CLT@"
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Table 6.11 Optimum Design of C-RBDO for Different Numbers of Data Pairs

i Optimum design Confidence level (%

Case CLTar Design CL P g Distance Cost %)

Iter. Eval. d1 d G: G, G3

10 data pairs 90% 8 34 5.1527 2.5260 0.939 —1.5082 89.1 89.8 98.9
20 data pairs 90% 6 8 5.2429 1.8835 0.347 —1.7625 91.0 91.3 100.0
50 data pairs 90% 2 4 5.0581 1.6506 0.059 —1.8591 89.8 89.5 100.0
100 data pairs 90% 4 8 5.0413 1.6790 0.088 —1.8465 89.4 90.0 100.0
200 data pairs 90% 4 6 5.0793 1.6449 0.059 —-1.8617 90.3 90.0 100.0
90% 3 5 5.0344 1.5924 0.020 —1.8850 89.6 90.0 100.0
500 data pairs 95% 6 10 5.0385 1.6025 0.019 —1.8805 955 95.2 100.0
97.5% 4 6 5.0421 1.6098 0.022 —-1.8772 97.4 97.0 100.0
90% 3 5 5.0577 1.5979 0.007 —1.8826 89.5 91.3 100.0
1oggifsata 95% 3 5 50599 16018 | 0012 | -1.8808 | 941 943  100.0
97.5% 4 5 5.0643 1.6103 0.021 -1.8770 97.7 97.6 100.0

Benchmark - - - 5.0541 1.5918 0.0 —1.8853 - - -
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6.5.2 Speed-Reducer 7-D Example
The speed-reducer example is a 7-D engineering problem that is frequently used
for development of a design optimization method. The original problem is for
deterministic design, and it has been changed for C-RBDO. A C-RBDO problem is
formulated for the speed-reducer 7-D example using cost function (Golinski, 1970) and

probabilistic constraints as

minimize  Cost(d) = 0.7854d,d?(3.3333d2 +14.9334 d, — 43.0934)
~1.508d, (d2 +d2) +7.477(d? + d?)
+0.7854(d,d} +d.d?) . (6.29)
subjectto  F, (pF" =2.275%|*x) >CL™ i=1...,11
d"-<d<d’, deR’and XeR’

where d'=[2.0 0.5 12 6.8 6.8 2.4 4.8]", d'=[4.0 0.9 32 8.8 8.8 4.4 5.8]", the
feasible region is defined as Gi < 0, and the eleven constraints are defined as (Golinski,

1970)

G,(X) =27 X' X,;2X ;1 -1
G,(X)=397.5X,"X,*X;* -1

G,(X) =1.93 X, " X' XX * -1

G,(X) =1.93 X, X" X3X;* -1

G, (X) = 7457 X,2X ;2 X2 +16.9x10° /110X 3 ~1

Gy (X) = 7452 XX 52X 2 +157.5x10° /85X 3 —1 . (6.30)

G,(X) = X2X3/40—l
Gy(X) =5X, =X,

G, (X) = X, 12X,

G, (X)=15X,— X, +1.9
G, (X)=1.1X, - X, +1.9

The constraints include limitations on the bending stress of gear tooth, surface stress,

transverse deflection of shafts 1 and 2 due to transmitted force, and stresses in shafts 1
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and 2. Input random variables of the speed-reducer problem represent the face width
(X1), module of teeth (X2), number of teeth on pinion (X3), length of shaft 1 and 2
between bearings (X4, Xs), and diameter of shaft 1 and 2 (Xs, X7). All random variables
are assumed to be independent in this example. A schematic of the speed reducer is
shown in Figure 6.7.

A benchmark distribution in Table 6.12 is used as an exact input probabilistic
model, and two sets of input data are drawn from the benchmark distribution as listed in
Table 6.13 and Table 6.14. In this example, different random variables have different
numbers of data. X1 and X2 have 20 data, X3 to Xs have 30 data, and Xs and X7 have 15
data. However, the two sets have the same numbers of data. In the bottom two rows of
Table 6.13 and Table 6.14, sample means and standard deviations (means and standard
deviations calculated using data) are shown. The ratio of the sample mean (or standard
deviation) to the benchmark mean (or standard deviation) is shown as well. It can be
seen that sample means are estimated very accurately as their ratios are in the range of
99.1% to 100.3% of the benchmark mean. On the contrary, the sample standard
deviations are in the range of 67.3% to 107.3% of the benchmark standard deviations.
That is, the data could not estimate standard deviations accurately. In particular, small
standard deviations could yield not-enough-conservativeness as they are underestimating
input randomness in the RBDO process. The small standard deviations are a typical
example of uncertainty in the input probabilistic model due to limited data. C-RBDO can
secure appropriate conservativeness by considering the uncertainty in the input

probabilistic model.

www.manaraa.com



I3 : number of teeth —\

I'2: tooth
D

(MG

—pg

model I

"/ Shaft|2
- Bearing|2

T 24

I’ Gear [l

h

l

/,l
v

Bearing 1

>~ Shaft 1

Figure 6.7 Schematic of Speed-Reducer

137

Source: Lu, S., and Kim, H. M., "A Regularized Inexact Penalty Decomposition
Algorithm for Multidisciplinary Design Optimization Problems with Complementarity
Constraints," Journal of Mechanical Design, Vol. 132, No. 4, pp. 041005-041005,

2010.

Table 6.12 Benchmark Input Distribution

RV Type Mean STDEV
X1 3.0 0.06
X2 0.7 0.015
X3 22 0.4
X4 Normal 7.8 0.15
Xs 7.8 0.15
Xe 3.4 0.06
X7 5.3 0.1
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Table 6.13 Input Data Set 1

No. X1 X2 X3 X4 Xs Xe X7
1 2.9162 0.7063 21.3495 7.5622 7.8251 3.3778 5.2981
2 2.9759 0.6929 21.9324  7.5080 7.6454 3.4206 5.3161
3 2.9777 0.7103 22.1643  7.9300 7.7038 3.3332 5.2435
4 3.0407 0.7113 22.0967 7.8282 7.9806 3.3511 5.3331
5 3.0067 0.6830 21.6775 7.5644 7.8135 3.4148 5.1677
6 2.9946 0.7026 22.0426  7.8667 7.8068 3.4065 5.2387
7 3.0908 0.6932 214084 7.4867 7.7151 3.4452 5.3234
8 3.0106 0.7196 22.6049 7.7064 7.9453 3.3940 5.2609
9 2.9834 0.7029 21.7892  7.9942 8.1287 3.4585 5.4177
10 2.9421 0.7023 21.9633 7.6974 7.8279 3.4162 5.3472
11 2.9138 0.7151 21.8453 7.7979 7.8020 3.3530 5.4161
12 2.9821 0.7190 22.2193 7.8859 7.7373 3.4331 5.1409
13 2.9055 0.6842 21.8602 7.9514 7.7184 3.3354 5.2672
14 2.9826 0.7104 22.4780 7.8078 7.5923 3.4398 5.3350
15 3.0099 0.6604 21.6022  7.9582 7.6216 3.3964 5.2535
16 2.9758 0.6898 21.5932 7.8407 7.8276
17 3.0347 0.6917 22.3571 7.8958 7.8820
18 2.9424 0.6839 215220 7.9844 8.0628
19 3.0631 0.7126  22.0974 7.8843 7.9937
20 2.9442 0.7057 22.2700 7.8570 8.0595
21 224971  7.6956 71.6727
22 21.3538 8.0374 7.8898
23 21.6968  8.0829 7.6195
24 22,1801 7.7731 7.9242
25 22.2690 7.8197 7.6111
26 22.4848  7.9012 7.5856
27 21.6872 7.8424 8.0436
28 20.8836  7.7129 7.7266
29 22.4629  7.6647 7.6988
30 22,1971  7.8187 7.7650
Mean 2.9846 0.6999 21.9529 7.8119 7.8075 3.3984 5.2906
(99.5%) (100.0%) (99.8%) (100.2%) (100.1%)  (100.0%) (99.8%)
STDEV 0.0494 0.0149 0.4169 0.1517 0.1553 0.0404 0.0783
(82.3%)  (99.3%)  (1042%) (101.1%) (1035%)  (67.3%)  (78.3%)
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Table 6.14 Input Data Set 2

No. X1 X2 X3 X4 Xs Xe X7
1 2.9203 0.7025 22.0096 7.8025 7.9095 3.3053 5.2558
2 3.0313 0.6938 22.3822 7.6630 7.6668 3.4074 5.2584
3 2.9503 0.6837 21.8453 7.9339 7.6510 3.3389 5.3148
4 3.0280 0.7033 219388 7.8259 7.8232 3.2893 5.2958
5 3.0461 0.6740 22.2043 7.8492 7.9829 3.3938 5.3992
6 3.0064 0.6925 22.4586  7.5509 7.9383 3.4217 5.4540
7 3.0507 0.6974 21.6787 7.6625 7.7680 3.4144 5.2811
8 3.0657 0.7174  21.7482 7.7282 7.5703 3.4106 5.3023
9 3.0117 0.7123 21.8987 7.8715 7.7142 3.2963 5.2589
10 3.0412 0.7021 21.8233 7.7388 7.8396 3.3547 5.2006
11 2.9139 0.7327 22.1498 7.8177 7.6579 3.4768 5.3028
12 2.9632 0.7284 21.6523 7.8034 7.7336 3.4475 5.2508
13 2.9368 0.6807 21.0246  7.8330 7.7705 3.4571 5.2411
14 3.0484 0.6971 22.4264  7.5537 7.4158 3.4030 5.1304
15 3.0993 0.6891 22.1151 7.9493 7.9377 3.4129 5.2804
16 3.0113 0.7011 22.0429 7.8429 7.7072
17 3.0981 0.6946 21.9851 7.8243 7.9347
18 3.0369 0.6926 21.5144  7.6097 7.7409
19 2.9672 0.6931 22.1310 7.5276 7.7911
20 2.9641 0.6685 22.0537 7.5023 7.9542
21 21.9131 7.8946 8.1346
22 225774  7.7433 7.9788
23 22.6514  7.6291 7.5750
24 21.7253  7.5455 7.8447
25 217726  7.6574 7.9804
26 224377  7.5837 7.6524
27 21.2991 7.7287 7.7889
28 21.8885  7.8490 7.6391
29 21.8662 7.7392 7.5552
30 21.8235 7.7104 7.8646
Mean 3.0095 0.6978 21.9679 7.7324 7.7840 3.3887 5.2817
(100.3%) (99.7%) (99.9%) (99.1%) (99.8%) (99.7%) (99.7%)
STDEV 0.0553 0.0161 0.3614 0.1281 0.1605 0.0587 0.0753
(922%)  (107.3%)  (90.4%)  (85.4%)  (107.0%)  (97.8%)  (75.3%)
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Similar to the lowa 2-D example in Section 6.5.1, the DDO optimum is obtained
first using the I-RBDO code. Then conventional RBDO is performed using the most
likely distribution types chosen at the DDO optimum, the parameters shown at the bottom
rows of Table 6.13 and Table 6.14, and the I-RBDO code. The most likely distributions
for input data set 1 are lognormal, extreme, Weibull, Weibull, Gumbel, Weibull, and
normal for X1 to X7, respectively. The distributions for input data set 2 are normal,
lognormal, normal, normal, normal, Weibull, and lornormal for X1 to X7, respectively.
After a conventional RBDO optimum is obtained, candidate distribution types for C-
RBDO are chosen. Here, a different method than the one for the lowa 2-D example (20
most likely types) is required because there are 823,543 (=77) possible combinations if
seven marginal distribution types are considered for each random variable. The 20 most
likely types among the 823,543 combinations have the same probability. That means
they are essentially the same distribution type. Therefore, it may not be appropriate to
consider them as they cannot provide enough flexibility of input distribution types to C-
RBDO.

To determine a reasonable number of candidate distribution types, the
probabilities of 823,543 combinations are calculated first using the parameters in Table
6.13 and Table 6.14 at the conventional RBDO optimums. Then the probabilities when
Xi follows a certain marginal distribution type, regardless of other random variables, are
summed. For example, among the 823,543 probabilities, the probabilities when X
follows normal distribution are summed. Hence, there are total 49 cumulative
probabilities (seven random variables by seven marginal distribution types), as shown in
Table 6.15 and Table 6.16. The distribution types for each random variable could be
categorized into three groups according to their cumulative probabilities. For example,
marginal distribution types for X7 in input data set 1 are categorized into three groups.
The first group contains normal, lognormal, and gamma, which have a cumulative

probability around 24%. The second group of Weibull and extreme has approximately
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10% cumulative probability. The last group has Gumbel and extreme type-Il, and they

have small cumulative probability.

Table 6.15 Cumulative Probability of Input Distribution Type for Input Data Set 1

Type X1 X2 X3 X4 Xs Xs X7
Normal | 23.4%  7.8%  141%  163% 132%  16.8%  24.5%
Lognorm. | 24.1%  6.6%  11.6%  14.1%  146%  164%  24.1%
Weibull | 0.6%  385%  32.9% 29.7%  0.1%  23.0%  12.1%
Gumbel | 14.6%  00%  00%  00%  302%  26%  2.6%
Gamma | 23.9%  7.0%  12.4%  148%  142%  16.6% = 24.2%
Extreme | 0.4%  40.1%  29.0%  251%  0.0%  224%  10.6%
Ext.1l | 129%  00%  0.0%  00%  27.6%  22%  1.9%

Table 6.16 Cumulative Probability of Input Distribution Type for Input Data Set 2

Type X1 X2 X3 X4 Xs Xs X7
Normal 22.4% 23.5% 31.8% 22.6% 32.3% 15.3% 27.5%
Lognorm. | 21.8% 25.6% 28.6% 21.4% 31.4% 14.5% 28.6%
Weibull 15.6% 0.2% 6.3% 18.0% 2.6% 26.9% 0.3%
Gumbel 2.4% 14.7% 0.0% 0.7% 0.3% 1.3% 8.5%
Gamma 22.0% 24.9% 29.7% 21.8% 31.8% 14.7% 28.3%
Extreme | 13.9% 0.1% 3.7% 15.1% 1.5% 26.4% 0.2%
Ext. 1l 1.9% 11.0% 0.0% 0.4% 0.1% 0.9% 6.7%
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Marginal PDFs in each group for X7 in set 1 are graphically shown in Figure 6.8.
It is evident that the PDFs in the same group have very close shape. Hence, it can be
seen that the similar cumulative probability indicates similar shapes of PDF in each
group. Therefore, it is not necessary to consider all marginal distribution types in each
group for the candidate distribution types. It would be better to consider one distribution
type in each group because it can provide the same flexibility of distribution type to the
C-RBDO process using a smaller number of candidate distribution types. In this
example, three groups are determined according to the cumulative probabilities of each
marginal distribution type. Then, the distribution that shows the largest cumulative
probability in each group is selected as the representative of the group. If all the
cumulative probabilities in a group are larger than 28.6%, which is twice the average
cumulative probability (200% / 7), the group is treated as the dominant group, and only
one marginal distribution in the dominant group is used for the corresponding random
variable. For example, Xz in the input data set 1 has only extreme distribution as its
marginal candidate because the group of Weibull and extreme distributions has
cumulative probability larger than 28.6%. So the group is treated as the dominant group,
and only extreme distribution is used as the marginal candidate. If there is no group
whose cumulative probabilities are larger than 28.6%, two groups are selected, and one
distribution that has the largest cumulative probability in each group is selected. The
group with lowest average cumulative probability is not considered in this example
because it has small probability and therefore a small effect on the C-RBDO process.
Following this procedure, 32 (=2°) candidate distribution types are selected for both input
data sets. The selected marginal distribution types are marked with bold font in Table

6.15 and Table 6.16.
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Figure 6.8 PDFs of Groups of Marginal Distribution for X7 in Input Data Set 1
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Figure 6.8 Continued

Using two input data sets in Table 6.13 and Table 6.14, and the selected 32
candidate distribution types, C-RBDO is performed. Both NMCSy and NMCSw are set to
50,000. As explained earlier, DDO and conventional RBDO optimums are obtained in
advance of C-RBDO. Then the C-RBDO is launched at the conventional RBDO
optimum. Various target confidence level of 90%, 95%, and 97.5% are used to
understand how high a confidence level is appropriate for engineering applications.
Target reliability output is set to 2.275% as shown in Eg. (6.29). The DDO, conventional
RBDO, and C-RBDO optimum designs are shown in Table 6.17. All C-RBDO optimum
designs are found under 11 design iterations and 44 confidence level evaluations. d: hits
the lower bound at the DDO optimum design, and it is not increased in conventional

RBDO and C-RBDO. On the contrary, d» to d-7 show the lowest value at DDO optimum
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and tend to increase as more conservativeness is required. The reason is that constraints
G1 to Ge are for strength (stress and deflection) of the system. More material will
increase the strength, so d> to d7 tend to increase as more conservative design is required.
The percentage under each cost value shows an increment ratio from the cost at the DDO
optimum design. From DDO to conventional RBDO optimums, 12.5% to 13.9% of the
cost is increased to obtain a more reliable design considering input randomness in the
data. Then, 18.4% to 22.1% more cost is necessary to secure a 97.5% confidence level of
reliability output. Hence, 5.9% to 8.2% more cost from conventional RBDO is required
to secure appropriate safety considering the uncertainty in the input probabilistic model
due to the limited data.

In Table 6.18, confidence levels at conventional RBDO and C-RBDO optimum
designs are summarized. Confidence levels of active constraints are shown, and the other
constraints of Gs, Ga, G7, Gs, and Gg have 100% confidence level of the reliability
output. At the conventional RBDO optimum designs, very low confidence levels are
found (see underlined values). The main reason is that the conventional RBDO considers
only one input distribution type. Sometimes different distribution types could result in
very different reliability output even though the same input distribution parameters are
given. For this reason, the conventional RBDO could not secure even a moderate
confidence level. At C-RBDO optimum designs, the target confidence level is met. That
is, C-RBDO is successfully converged to the correct optimum designs.

To check the conservativeness of the optimum designs, reliability analysis is
performed at the optimum designs using the benchmark distribution shown in Table 6.12.
The result of the reliability analysis is summarized in Table 6.19 for active constraints.
Other constraints show negligible reliability output. At the conventional RBDO optimum
designs, a 2.275% target reliability output is not satisfied. As explained earlier, small
sample standard deviations are estimated in both data sets, and thus input randomness is

underestimated. Hence, reliability output values larger than 2.275% are estimated at the
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conventional RBDO optimum deigns when the benchmark distribution is applied. In the
case of input data set 1, all C-RBDO optimum designs satisfy 2.275% target reliability
output. Even though input randomness is underestimated, safe designs are successfully
found considering the uncertainty in the input probabilistic model due to limited data. On
the other hand, in set 2, the C-RBDO optimum with 90% target confidence level does not
satisfy 2.275% in Ge. This indicates that the target confidence level should be set
reasonably high so that the underestimated input randomness could be compensated by
considering the uncertainty in the input probabilistic model. However, 2.6872% at 90%
C-RBDO optimum is very close to 2.275% target reliability compared to 6.8555% at
conventional RBDO optimum design in Ge. Hence, by considering uncertainty in the
input probabilistic model, appropriate conservativeness is almost reached. C-RBDO
optimum designs for set 2 with 95% and 97.5% target confidence levels satisfy target
reliability output in all constraints.

In this example, it is shown that the C-RBDO formulation successfully finds its
optimum design in a multi-dimensional engineering problem. It is also well shown that
the limited data may cause small sample standard deviations so that input randomness
could be underestimated. Then, conventional RBDO cannot find safe design, and even
C-RBDO with a certain target confidence level may not secure target reliability output.
Hence, in practical engineering problems, a reasonably high target confidence level, such
as 97.5%, is recommended for C-RBDO. In practical situations, engineers will not have
the benefit of the benchmark distribution (i.e., exact input distribution). Hence, it is
impossible to estimate how much conservativeness the obtained optimum design yields.
Therefore, a reasonably high target confidence level is necessary in practical engineering

problems when only limited data are provided.
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Table 6.17 Optimum Designs of Speed-Reducer 7-D Example

Design | Conf. Optimum design
Case . Cost
iter. eval. d1 d» ds ds ds de ds

DDO - - 4 0.6771 | 14.7222 | 6.9282 | 7.7159 | 3.3521 | 5.2872 | 2676
RBDO - - 4 0.7051 | 15.3831 | 7.4649 | 8.1872 | 3.4520 | 5.4437 (ff g;)

. 0

C-RBDO 3180
p | =000 11 44 39998 | 07140 | 154839 | 75092 | 8.3907 | 34848 | 55827 | oo

€
C-RBDO 3225
(o = 959%) 5 7 4 07175 | 154916 | 7.6438 | 84571 | 34968 | 55643 | .
C-RBDO 3267
croorgy | © 9 39971 | 07211 | 155014 | 76938 | 85181 | 35102 | 55022 | o
RBDO - - 4 0.7043 | 151619 | 7.4452 | 82412 | 34978 | 5.4358 | 0Ll
(12.5%)
C-RBDO 4 6 4 0.7098 | 15.2543 | 7.6341 | 8.3855 | 35434 | 54799 | S0
(CL™" = 90%) ' ' ' ' ' ' (15.8%)
Set2 | C-RBDO 3138
(L = a5 8 25 4 0.7134 | 152516 | 78013 | 84371 | 35636 | 55017 | o
C-RBDO 3168
(cL™ = 8 21 4 0.7168 | 15.2458 | 7.7626 | 8.4795 | 3.5826 | 5.5173

97.5%) (18.4%)
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Table 6.18 Confidence Level at Optimum Designs

Case

Confidence level

G1 G2 Gs Ge G1o Gu

RBDO 271% | 4127% | 6282% | 3847% | 6143% | 33.35%
U oomy | 8963% | 9031% | 90.98% | 89.32% | 9205% | 9032%

et ™ CRBDO
Cinoosy | 9500% | 9498% | 95150 | 95.00% | 94.92% | 95.39%
(CS;B:BQBE% || 9750% | O7.60% | 97.42% | OT58% | O7.65% | 97.46%
RBDO 58.76% | 5059% | 61.83% | 60.65% | 29.49% | 40.77%
((?L;Ef'f'go?/o) 89.84% | 89.89% | 90.11% | 89.77% | 89.86% | 89.69%

Set 2 i

(CCLTEEESS% | 9494% | o502 | 9492% | 9493% | 9076% | 94.91%
CRBDO | 973706 | o7.30% | 97.53% | 97.06% | 97.98% | 97.39%

(CL™ = 97.5%)
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Table 6.19 Reliability Analysis Result at Optimum Designs
with Benchmark Distribution

Probability of failure (%)
Case
G1 G2 Gs Gs Gio Gn
RBDO 0.9475 0.8314 4.7818 5.8669 1.3552 5.4166
C-RBDO
i (L™ = 90%) 0.1581 0.1598 1.3475 0.7083 0.3474 1.4732
e
C-RBDO
(L = 95%) 0.0769 0.0937 0.7914 0.2872 0.2202 0.9568
C-RBDO
(L™ = 97.5%) 0.0416 0.0532 0.4218 0.1210 0.1243 0.6584
RBDO 2.1393 2.6235 0.7542 6.8555 4.3886 2.6138
C-RBDO
ir (L™ = 90%) 0.7322 0.9630 0.0730 2.6872 0.8441 0.7051
e
C-RBDO
(CL*" = 95%) 0.4131 0.6557 0.0213 1.6117 0.0730 0.4592
C-RBDO
(L™ = 97.5%) 0.2407 0.4637 0.0059 1.0739 0.2619 0.3092
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CHAPTER 7
CONCLUSIONS AND FUTURE RECOMMENDATIONS

In this chapter, the conclusions of this study and future recommendations are
presented. Section 7.1 presents conclusions regarding the developed variable screening
method and the confidence-based method for reliability-based design optimization

(RBDO). In Section 7.2, possible improvements are recommended for the future.

7.1 Conclusions

A new efficient and effective variable screening method for RBDO is proposed in
this study. For the proposed methods, the output variance is used as a measure that can
identify important design variables. Thus, a partial output variance based on the
univariate dimension reduction method (DRM) is proposed to approximate the output
variance efficiently and to identify the design variables that affect output variance more
significantly than others. The univariate DRM and partial output variance only require
multiple 1-D surrogate models, which is much more efficient than the full-dimensional
surrogate models. Hence, the proposed method has great merit in efficiency as well as
effectiveness. To reduce computational time and maintain a user-specified statistical
error level, hypothesis testing is used in the variable screening process. Also, a required
minimum number of samples for calculating the correct output variance is proposed using
the user-specified error level. In addition, the quadratic interpolation method is tailored
to be applied for efficient partial output variance calculation.

Two analytical examples and a 44-D industrial example are used to verify the
performance of the proposed variable screening method. Through the analytical
examples, it is shown that at least quadratic approximation is required for the 1-D
surrogate model and that partial output variance is a good measure that successfully
identifies important variables. In the industrial example, 14 design variables out of 44 are

selected by considering the output variances of 11 constraints. For comparison, another
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14 design variables selected based on experience are used. In addition, 18 design
variables are selected by adding four design variables, which affect the objective function
significantly while not affecting the output variances much, to the 14 design variables
previously selected with the proposed method. The selection based on experience shows
a 7.6% reduced cost value, whereas the target probability of failure is violated by 77%.
However, selection by the proposed method shows only a 12.3% disagreement of target
value and a 3.6% reduced cost value. Moreover, the selection of 18 design variables
shows 11.7% target disagreement as well as 9.4% reduced cost value. Therefore, the
performance of the proposed variable screening method is verified.

In this study, the confidence level of the reliability output, which is the probability
of failure, is estimated to quantify the uncertainty in the input probability model due to
limited input data. The probability of the reliability output is decomposed into successive
conditional probabilities of input distribution type and parameters. Then, the conditional
probabilities are obtained using the Bayesian approach under reasonable assumptions. As
the probability at a target reliability output (target probability of failure) is the confidence
level for the target value, the confidence level of the reliability output is directly available
and can be used for new probabilistic constraints in the confidence-based RBDO (C-
RBDO) formulation. Consequently, the C-RBDO formulation can provide an optimum
design that satisfies the target confidence level at the target reliability output. This is
beneficial because appropriate conservativeness, which is necessary when only limited
data are available, is included in the optimum design. The confidence levels at the
selected design point, which is the conventional RBDO optimum design using a
benchmark distribution, is computed for different numbers of data. As the results show, a
greater confidence level is required when less data is provided, so it is necessary to adopt
the developed C-RBDO.

For efficient and accurate evaluation of confidence-based RBDO, the analytical

design sensitivity of the confidence level is derived. Compared to the finite difference
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method (FDM) sensitivity, the derived sensitivity shows accurate results in the numerical
example. At the same time, it uses only 0.25% of the Monte Carlo simulation (MCS)
samples that are used by the FDM, so it is efficient as well. To improve the efficiency of
C-RBDO, two-step reliability analysis and reusable MCS are suggested. Using the
developed design sensitivity and efficiency improvement methods, C-RBDO is
performed for different numbers of data. Smooth convergence of the optimization
process again verifies that the provided design sensitivity is accurate. At the obtained
optimum designs, the target confidence level at the target reliability output is met for
active constraints. Using the benchmark distribution, conventional RBDO is performed
at the C-RBDO optimums. The result shows that the optimum design is more
conservative as a smaller amount of data is provided. In addition, as more data are
provided, the optimum design approaches the conventional RBDO optimum with the
benchmark input distribution. Therefore, it can be seen that C-RBDO produces an
appropriately conservative design according to the given input data. In addition, by using
a 7-D engineering example, it is confirmed that C-RBDO finds optimum designs with

reasonable conservativeness, even for high-dimensional problems.

7.2 Future Recommendations

The developed variable screening method selects important variables using the
partial output variances, and hypothesis testing determines which variable has larger
partial output variance than other variables. In the developed method, one variable will
be selected by hypothesis testing even though two variables have very similar partial
output variances. In the future, partial output skewness could be studied as a measure to
estimate the importance of variables. If two random variables have very close partial
output variances, the effect of partial output skewness on the probability of failure could
be significant. Hence, the variable screening could calculate the partial output variances

first and then decide which variables are important. If the hypothesis testing indicates
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that some partial output variances are statistically similar, the partial output skewness
could decide which variable affects the probability of failure more significantly. Then
the variable screening with two measures of partial output variances and skewness could
be more effective than the present method.

The methodology of the C-RBDO has been developed, and its performance is
verified as well in this study. To make the method more widely used, more tests could be
performed to find potential applications. Adopting surrogate model methods could be a
great leap toward improving the practicality of C-RBDO. Although C-RBDO requires
many reliability analyses at a design, the analyses can share one surrogate model.
Therefore, it would not require several surrogate models at a design. Finally, the
consistency of design sensitivity for C-RBDO could be improved. As the design
sensitivity uses MCS method, the sensitivity depends on how MCS samples are
distributed (locations of samples), especially when a small number of samples is used.
Hence, the design sensitivity method could be further investigated to provide consistent

sensitivity even with small number of MCS samples.
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